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Abstract. We describe two psychophysical experiments test-
ing predictions of the square difference mechanism we
have previously proposed for intensity–based stereo. Exper-
iment 1 assesses the relative contributions of disparity and
contrast to intensity–based stereo by measuring detection
thresholds. The product of disparity and contrast at thresh-
old is shown to be constant. In experiment 2, we measure
quantitatively the global depth position perceived in stereo-
grams of curved, smoothly shaded surfaces. The results show
that disparity averaging over the surface involves a contrast-
dependent weighting function. The results from both experi-
ments are consistent with predictions derived from the square
difference mechanism. The relation of this mechanism to
feature correspondence stereopsis and shape–from–shading
is discussed and a general framework for assessing the mod-
ularity of stereopsis is presented.

1 Introduction

1.1 Disparity tuning and correspondence

Theories of human stereoscopic depth perception can be
broadly classified into two groups: a neurobiological ap-
proach based on disparity–tuned units and a computational
approach focusing on the stereo correspondence problem.
Starting from experimental findings in humans (Richards
1971), cats (Bishop et al. 1971) and monkeys (Poggio and
Fischer 1977), disparity–selective units have been studied in
great detail. For recent reviews see Poggio (1995), DeAnge-
lis et al. (1995), and Howard and Rogers (1995). Disparity
selectivity is thought to be constructed in two steps by simple
and complex cells. Binocular simple cells have two linear
receptive fields, one in the left and one in the right eye,
which differ in spatial position or Fourier phase. These dif-
ferences between the left and right receptive fields provide
the initial data from which disparity estimates are obtained.
In the second step, binocular complex cells sum the squared
responses of a number of simple cells (Ohzawa et al. 1990;
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Qian 1994). By combining the complex cell excitations in
a population code (e.g., Lehky and Sejnowski 1990), sim-
ple stereo tasks such as global stereopsis (Julesz 1971) or
vergence control (Mallot et al. 1996b) can be modelled.

The computational view on stereo focuses on the stereo
correspondence problem, i.e., the identification of pairs of
feature points (or regions) in the left and right image that
depict the same object in the outside world (Julesz 1971;
Marr and Poggio 1979). Demonstrations of the correspon-
dence problem include the well-known double–nail illusion
(Krol and van de Grind 1980) as well as the wallpaper il-
lusion (for references see Mallot et al. 1996a; Howard and
Rogers 1995). The correspondence problem is particularly
difficult if stimuli with many similar features are used. In
computer vision applications, it is the price to be paid for
discarding most of the gray–level information in the initial
image by restricting it to a primal sketch, i.e., to a list of
localized feature points. Disparity–selective unitsper sedo
not solve the stereo correspondence problem. However, if
lateral interactions in an array of disparity–tuned units are
considered, false matches can be suppressed und unambigu-
ous solutions of the correspondence problem can be obtained
(Julesz 1971; Marr and Poggio 1976; for a review of these
and other ‘cooperative’ stereo theories, see Blake and Wilson
1991).

In summary, three steps in a neural theory of stereopsis
can be distinguished:

1. Uniocular preprocessing is described by the left and right
receptive fields of binocular simple cells. The differences
between these receptive fields define the raw disparity
data (feature locations, position or Fourier phase shift of
gray–level patches) that subsequent steps have to rely
on.

2. Binocular interaction involves nonlinearities such as the
computation of ‘disparity energy’ by taking sums of
squares of the simple cell outputs. The result of this
stage is coded by the excitation of the disparity–tuned
units.

3. Cooperation or lateral interaction between disparity–
tuned units can solve the stereo correspondence problem
and thus provide high–resolution depth maps of curved
or corrugated surfaces.
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In this paper, we present psychophysical data relevant to the
second stage, specifically the nonlinearity of the binocular
interaction. We will show that quadratic nonlinearities quan-
titatively explain the results from two experiments concern-
ing threshold and depth averaging in intensity–based stereo.

1.2 Intensity–based stereo

In recent experiments with smoothly shaded gray wedges,
we have shown that stereo disparities in continuous gray-
level images can be detected even though salient image fea-
tures were missing and, consequently, point disparities could
not be defined (Arndt et al. 1995). In a systematic test of
a number of potential candidates for feature matching, we
showed that neither luminance edges nor luminance extrema
nor the overall centroid of a gray wedge are necessary to
perceive stereoscopic depth. Rather, the differences in lu-
minance profiles of the left and right eye’s images suffice.
These results confirm and extend earlier findings on the role
of contrast disparities in stereopsis (Westheimer and McKee
1980; Mayhew and Frisby 1981; Bülthoff and Mallot 1988;
Christou and Parker 1993).

As an underlying mechanism, Arndt et al. (1995) sug-
gested the minimization of the mean square difference of
the image profiles by varying the horizontal offset between
the images. This mechanism, which is equivalent to maxi-
mizing area correlation, is well in line with psychophysical
experiments and with computational models of disparity–
tuned units (see above). Cormack et al. (1991), for example,
found that stereo acuity decreases with interocular correla-
tion in random dot stereograms superimposed with uncorre-
lated noise. With ambiguous random dot stereograms made
of multiple ‘double–nail’ patterns, Weinshall (1991) showed
that ‘ghost’ planes can be seen at depth positions that corre-
spond to peaks in the correlation function. The ghosts do not
appear in stimuli with only one or a few double–nail pat-
terns, indicating that this correlation–based percept is related
to global stereopsis (Julesz 1971). Note that a stereo mech-
anism using interocular correlation or squared image differ-
ence would not respond to mere contrast differences without
positional shifts (disparities). As was shown by Blake and
Cormack (1979), no stereoscopic depth perception results
from pure contrast disparities in sine wave gratings.

1.3 Predictions of the square–difference mechanism

In this paper, two predictions of the square difference mecha-
nism for intensity–based stereo are tested quantitatively. Let
us first state the proposed theory in mathematical terms. We
consider only intensity profiles whose spatial extent is small
with respect to the correlation window; minimization of the
square difference thus leads to just one global disparity value
for the entire stimulus. For a stereogram composed of two
half-imagesIl (x, y), Ir(x, y), consider the space-independent
difference function

Φ(D) =
∫ ∫

|Il (x, y) − Ir(x + D, y)|2dxdy (1)

The disparity estimateD is obtained by minimizingΦ:

Φ(D ) = minΦ(D) (2)

From these equations, we derive predictions concerning the
relation of disparity– and contrast–threshold for the percep-
tion of depth order as well as the amount of depth perceived
in intensity–based stereo:

Prediction 1 (Threshold).Shifts of the stereogram off the
zero–disparity plane should be perceived, if the squared im-
age difference (1) exceeds a threshold:Φ(0) > Φo. The size
of Φ(0) depends on both, image contrast and disparity. Con-
sider a stereogram with constant disparityδ and intensity
amplitudec: Il (x) = cI(x− δ/2), Ir(x) = cI(x + δ/2). From
(1), we have:

Φ(0) =
∫ ∫

|c(I(x − δ/2, y)

−I(x + δ/2, y))|2dxdy (3)

We expand the difference into a Taylor series and note that
all terms with even–numbered derivatives cancel out. As a
second-order approximation, we obtain

Φ(0)
∫ ∫

c2δ2

(
∂I(x, y)

∂x

)2

dxdy (4)

c2δ2. (5)

At threshold, we thus obtainΦo c2δ2 and furtherc δ−1.
In other words, contrast and disparity should be reciprocally
related to each other at threshold; e.g., if contrast is halved,
disparity must be doubled to restore visibility. In experi-
ment 1, this prediction is tested using the parabolic gray
wedge introduced by Arndt et al. (1995).

Prediction 2 (Depth shift).In stimuli with different dispari-
ties (i.e., images of slanted or curved surfaces), intensity–
based stereo tends to produce one global depth estimate
rather than a well-resolved depth map of the surface. If
δ(x, y) denotes the true disparity distribution, the global
disparity estimate minimizing the square difference can be
shown to be:

D =

∫ ∫
δ(x, y)I2(x, y)dxdy∫ ∫

I2(x, y)dxdy
(6)

whereI denotes the partial derivative of the image function
with respect tox (see Appendix A and Eq. 15 of Arndt et al.
1995).D is an average of the true disparities weighted with
I2, i.e., a measure of local image contrast in thex–direction.
In experiment 2, we test this prediction with ortho– and
pseudoscopic stereograms of smoothly shaded ellipsoids of
various elongations.

In addition, both experiments reveal a number of dif-
ferences between intensity–based and local, feature–based
stereopsis. In Sect. 5 the modularity of stereopsis will be
discussed against the background of these (and other) dif-
ferences.

2 General methods

2.1 Subjects
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Six volunteers, aged 23–28 years, participated in the reported experiments.
All but two subjects (U.B. and M.J.) were experienced observers of ex-
periments on stereo vision. All subjects passed a random dot stereogram
test for binocular vision. If necessary, vision was corrected with spectacles
during experimental sessions.

2.2 Stimulus presentation.

Stereograms were presented on a color display monitor (Mitsubishi Color
Display Model no. HL6905 STGR) in interlaced mode, each half-image
with a frequency of 60 Hz. The presentation of the half-images to the left
and right eye was controlled by liquid crystal shutter glasses (Stereograph-
ics; cf. Hodges 1992). The average transmittance of the glasses was 13%
and peak transmittance in the open phase was 30%.

The luminances produced by the monitor for 52 of its 256 color map
slots were measured with a UDT optometer. The resulting calibration curve
reflects the built–inγ-correction of the monitor (cf. Foley et al. 1990). For
any desired luminance, the required color map slot of the monitor (0–255)
was determined by inversely evaluating the calibration curve.

One- and two–dimensional smooth intensity profiles subtending 6×
6 deg of visual angle were used as stimuli. Stimuli are described in detail
below. All experiments were performed under dark room conditions. The
viewing distance was 115 cm and the head of the subject was fixed with
a forehead and chin rest. Two stereograms made of the same pair of half-
images in ortho– or pseudoscopic order were displayed simultaneously on
the monitor.

3 Experiment 1. Contrast and disparity at threshold

3.1 Stimulus

Stimuli lacking Laplacian zero– and level-crossings as well
as other features have been discussed at length in Arndt et al.
(1995). The simplest one is a parabolic intensity profile, the
second derivative of which is constant. We used parabolic
luminance profiles with intensity maxima in the center of
the stimulus for threshold measurements. The corresponding
equations for the two half-images read:

Ia(x) := M + A
(1 + δo) + δox − x2

(1 + δo/2)2
;

δo

2
∈ [0, 1]

I (x) := Ia(−x) (7)

Here, δo/2 is the peak position of the parabola, i.e.,δo
is the presented disparity. Stimulus contrast was defined
as two–point contrast between the brightest and the dark-
est point in the intensity profile, i.e.,c = A/(2M + A),
(Fig. 1a,b). Contrast changes were carried out in such a way
that the mean intensity of the profile was kept constant.

The half-imagesIa and I were combined in two dif-
ferent stereogramsSa (half-imageIa presented to the left
eye and half-imageI to the right eye) andSa (vice versa),
resulting in crossed or uncrossed disparities of the intensity
profiles (Fig. 1a,b).

Background luminance was identical to the average stim-
ulus luminance. Between the two stereograms, a dark fixa-
tion spot was shown.

3.2 Procedure

The two stereogramsSa and Sa were displayed simulta-
neously side by side on the computer screen (Fig. 2a,b). In
the center of the 2 deg gap between the stereograms, a fix-
ation target was presented that remained visible throughout

a.

✲

✻

−δo/2 δo/2−x0 x0 x

I
M + A

M

b.
Fig. 1a,b. Stimulus for experiment 1.a Intensity profiles without edges
(Laplacian zero-crossings) are derived from parabolic arcs.Continuous line,
I (x); dotted line, I (x). b Example stimulus (schematic). Two stereograms
are presented in the upper and lower part of the figure (instead of the
left and the right side of the computer screen). The bottom stereogram
is a reversed (pseudoscopic) version of the top one. For crossed fusion,
the bottom stereogram (S ) appears in front while the top stereogram
(S ) appears at the back. Note that disparity is constant over all horizontal
positions. Perceived curvatures are due to shape–from–shading

a.

S , S

b.

S , S

Fig. 2a,b. Procedure for experiment 1.Hatched squares, half-imageI ;
open squares, half-imageI . Subjects had to judge which stereograms were
in front
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Fig. 3. Sample psychometric function for subject D.J. and disparity
13.2 min arc.Dots show the number of correct decisions out of 20 tri-
als. Thecurve is a logistic function fitted to the data using a maximum
likelihood criterion. Threshold (75% correct) was reached at contrast level
0.071

the experiment. In a two-alternative forced choice (2AFC)
paradigm, subjects had to decide which stereogram (left or
right) appeared in front of the other by pressing the left or
right button of the computer mouse (depth ordering).

Two–dimensional psychometric functions for disparity
(shift, δo) and stimulus contrast were measured using the
method of constant stimuli at some 70 parameter settings.
For each parameter setting, a block of 20 trials was carried
out in which the left/right ordering of the two stereograms
(Sa ,Sa ) was varied in pseudorandom fashion.

In the first session, between 10 and 40 trials were run
as training. Subjects themselves decided when to begin the
measurements. Presentation time for a single trial was not
limited. When subjects indicated their decision by pressing a
mouse button, the next stimulus was presented after a break
of 2 s. Subjects did not get feedback concerning the cor-
rectness of their decisions. During the 2 s break, the fixation
target remained visible. Subjects were instructed to fixate the
target during both the break and stimulus presentation. Eye
movements were not recorded. After each block of 20 trials,
the stimulus condition (contrast, disparity) was changed. Up
to eight blocks of 20 trials were performed in one session.
The session ended after 45 min or when the subject reported
fatigue or lack of concentration.

From the results for each disparity value (usually about
nine contrast values), one–dimensional psychometric func-
tions were calculated using a maximum likelihood fit and a
logistic function of the form

p(c) =
1
2

(
1 +

1− ε

1 + ϑ/c
1/

)
(8)

wherec is stimulus contrast,ϑ andσ control threshold and
slope, andε is a ‘lapse’–factor allowing for erroneous button
hits. In our fits,ε was chosen to be 0.001. The curves take
the value 0.75 at c = ϑ. These values were therefore taken
as contrast thresholds. A sample psychometric function is
shown in Fig. 3.

3.3 Results

Thresholds are plotted in Fig. 4. Contrast thresholds were
lowest at disparities of 15–45 min of arc. At higher dispar-
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Fig. 4. Contrast thresholds for intensity–based stereo with parabolic lumi-
nance profiles (Fig. 1a,b) for four subjects. Thestraight linesare regression
curves computed from the data points marked byfilled circles (disparity
≤ 15′). The data points marked byopen circleshave been excluded from
the computation of the regression lines.Continuous lines, contrast as a func-
tion of disparity;dotted lines, disparity as a function of contrast. The slopes
of the dotted lines are given in parentheses

ities, contrast thresholds increased and double images were
reported. The asymptote for small disparities is best esti-
mated from data points for disparities of not more that 15 min
of arc. Data points above 15 min of arc have therefore not
been used to calculate the regression lines in Fig. 4 (open
circles). The slope of the regression lines for small dispar-
ities is between−0.75 and−1.27 (mean−0.97) for the
regression of contrast as a function of disparity (continuous
regression lines in Fig. 4). For easier comparison with the
data of Legge and Gu (1989), who plotted disparity over
contrast, the reciprocals of the slopes of the reverse regres-
sion lines should be considered. They range between−0.75
and−1.17 (mean−0.96), i.e., well above the values (around
−2) found by Legge and Gu.

3.4 Discussion

The results show that for the parabolic gray wedges used
here, disparity threshold is in fact a function of image con-
trast. The relevant parameter governing the detectability of
intensity–based stereo is given bycontrast × disparityα =
const., whereα is a subject-specific constant ranging be-
tween 0.7 and 1.3 (Fig. 4). This is well in line with the
predictionα = 1.0 derived for the mean square difference
mechanism in Sect. 1.

In a similar threshold measurement with sinusoidal grat-
ings [0.5 and 2.5 cycles per dgree (cpd)], Legge and Gu
(1989) found an inverse square relationship between con-
trast and disparity,c d−2. From a signal–to–noise analysis,
these authors conclude that peak matching rather than match-
ing of zerocrossings or centroids was the most likely stereo
mechanism involved. The discrepancy between the results
of Legge and Gu and our own measurements may be due to
the fact that Legge and Gu’s stimulus contained some seven
cycles of a sinusoidal grating featuring 14 intensity extrema
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Fig. 5. Demonstration of the depth shift effect associated with
intensity–based stereo. The figure shows ellipsoids of revolution.
The elongation perpendicular to the paper plane is twice the diam-
eter (elongation 2eo). During crossed fusion, orthoscopic versions
appear in the left column, and conversely pseudoscopic versions
appear in the right column. In uncrossed fusion, the two columns
are exchanged.Top: In the smoothly shaded ellipsoid, exchange
of the half-images results in a perceived overall depth shift while
both the orthoscopic and the pseudoscopic version appear convex.
Middle: If disparate shading and texture information are available,
the depth shift effect is still clearly visible.Bottom:Only for pure
feature–based stereo does exchange of the half-images result in
the expected mirroring of the three–dimensional shape at the fix-
ation plane. In the experiments reported in this paper, only the
smoothly shaded ellipsoid (top row) is investigated further

and 14 zero-crossings, while our stimulus had only one ex-
tremum and no zero-crossings (fundamental frequency 0.08
cpd). The inverse square relationship described by Legge
and Gu therefore seems to characterize a feature-matching
mechanism, whereas in purely intensity–based stereo mech-
anisms inverse proportionality is observed.

4 Experiment 2. Quantitative depth from
intensity–based stereo

4.1 Stimuli

Simulated surfaces showed the outside (convex) and inside
(concave) of ellipsoids of revolution of varying elongation,
the axis of revolution being perpendicular to the display
screen (Fig. 5, top row). Illumination was simulated from
behind the observer and surface reflectance was modelled
by the Lambertian cosine law; mutual illumination in the
concave object was neglected. Since parallel projection was
used, the stereograms of the convex and the concave sur-
face are pseudoscopic versions of each other, i.e., can be
generated by exchanging the half-images (cf. Fig. 5). (For a
detailed discussion of the geometry of pseudoscopic presen-
tation, see Appendix B.) The stereograms were displayed on
a dark background.

The diameter of the ellipsoids in the display plane was
12 cm, corresponding to a visual angle of 6 deg. We denote
the basic radius of 6 cm aseo (for elongation). Ellipsoids
with four different elongations perpendicular to the monitor
surface (3, 6, 12 and 24 cm or 0.5, 1, 2 and 4eo) were used
in the experiment.

4.2 Procedure

An interactive adjustment task was used to quantify the over-
all depth separation between orthoscopic and pseudoscopic
stereograms (‘eggs’ and ‘bowls’: see Fig. 6). The pseudo-
scopic stereogram was displayed on the left half of the mon-
itor screen with a depth offsetzpseudo between eo corre-
sponding to fixed disparities of 9, 3.6, or 0 min of arc in

pseudorandom order. On the right half of the screen the or-
thoscopic version of the stereogram appeared in a randomly
chosen depth position. Horizontal separation between the
two stereograms was 5 cm or 2.5 deg of visual angle. Sub-
jects were asked to adjust the depth position of the ortho-
scopic stereogram by shifting the half-images horizontally
(under mouse control) until it appeared to be at the same
depth as the pseudoscopic stereogram. The adjusted depth is
denoted byzortho.

4.3 Results

The pseudoscopic image of a smoothly shaded ellipsoid is
perceived as a solid, albeit somewhat flatter object at an
increased distance as compared with the orthoscopic pre-
sentation. The difference in perceived overall distance in-
creases for more elongated objects, i.e., objects with a greater
depth variation (Fig. 7). All subjects reported some uncer-
tainty about how to adjust the orthoscopic stereogram at
high elongations of the ellipsoid because the pseudoscopic
stereogram appeared much flatter than the orthoscopic one.
Subjects were instructed to develop their own strategy to
adjust the depth of the probe surface and to use this strategy
throughout the experiment. The differences in these strate-
gies are reflected in our results: subject M.J. adjusted depth
positions with respect to the tip of ellipsoid, while subject
U.B. adjusted the depth of the occluding contours of the
ellipsoid.

The depth shift between the egg and the bowl is indepen-
dent of the absolute position of the fixed object,zpseudo. In
Fig. 8 we plotted the relative differences (zortho− zpseudo)/eo
as a function of the elongation of the ellipsoid,e/eo. In a
double-logarithmic plot, the resulting data points fall along
straight lines with slopes ranging from 1.51 to 2.07.

4.4 Discussion

The results of experiment 2 indicate that the depth averaging
performed by intensity–based stereo is contrast dependent.
If, in Fig. 6c, the elongation of the ellipsoid is varied by some



192

Fig. 6a–c. Bird’s eye view of the design of experiment 2.Continuous lines, simulated surfaces,dotted lines, perceived surfaces.a Two stereograms are
displayed simulating a convex ellipsoid (right) and a concave ellipsoid (left). As is demonstrated in Fig. 5, the shaded concave version will look like a
less elongated convex ellipsoid, somewhat further away from the observer. The subject can interactively shift the orthoscopic ellipsoid in depth.b In an
adjustment task, the perceived distances of the two surfaces are equated.c A possible interpretation is that the average depth of both surfaces (indicated by
the black dot) is equated

M.J.

n = 4

-1 0 1

r

r

r

r

r

�
�
�
�
�
�
��

�
�
�
�
�
�
��

�
�
�
�
�
�
��

�
�
�
�
�
�
��

P.U.

n = 12r

r

r

r

r

�
�
�
�
�
�
��

�
�
�
�
�
�
��

�
�
�
�
�
�
��

�
�
�
�
�
�
��

R.H.

n = 4

-1 0 1

-1

0

1

2

3

r

r

r

r

r

�
�
�
�
�
�

��

�
�
�
�
�
�
��

�
�
�
�
�
�
��

�
�
�
�
�
�
��

U.B.

n = 16
-1

0

1

2

3

r

r

r

r

r

�
�
�
�
�
�

��

�
�
�
�
�
�
��

�
�
�
�
�
�
��

�
�
�
�
�
�
��

z o
rt

ho
/ e

o

zpseudo/eo

Fig. 7. Results of experiment 2.zortho, adjusted depth position of the ortho-
scopically presented ellipsoid;zpseudo, depth position of the pseudoscopic
version. All distances are given in multiples ofeo = 6cm. n, number
of adjustments per data point. Relative elongations of the ellipsoids were:
open squares, 0.5; filled circles, 1.0 (i.e., a sphere);open circles, 2.0 (i.e.,
an egg);filled squares, 4.0. The mean depth offset for each elongation is
indicated by the oblique lines (slope 1.0)

multiplicative factor, the depth average symbolized by the
black dot does not move by the same factor. This finding can
be predicted from the square difference mechanism (6). This
equation stated that global perceived depth corresponds to a
contrast–weighted average of the local veridical disparities.

To calculate the predicted depth offset from the square
difference model, we denote the depth profile of an ellipsoid
with elongatione by ze(r, ϕ) := e

√
(1− r2), r ∈ [0, 1] and

note that in parallel projection,z is proportional to (relative)
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of an ellipsoid plotted as a function of elongation. The data are replotted
from Fig. 7 by averaging the relative depth offset over the five absolute
depth positions presented in experiment 2.Error bars are standard devia-
tions of the mean. The long bars, in particular those for subjects U.B. and
P.U., are a result of logarithmic scaling of small values. Thestraight lines
are regression lines minimizing the error–weighted square deviations. The
slopes range from 1.51 to 2.07, i.e., well above the value of 1.0 predicted
from contrast–independent averaging

disparity. From the profilez we can calculate the image in-
tensity distributionIe(r, ϕ) for frontal illumination by means
of Lambert’s cosine law (cf. B̈ulthoff and Mallot 1988):
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Fig. 9a–d. Contrast-weighted depth averaging in experiment 2 [cf. (11)].
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mechanism (1, 11) results in a straight line with a slope of 1.58.b Contrast–
independent weights predict a slope of 1.00

Ie(r, ϕ) =

(
1− r2

1− (1− e2)r2

) 1
2

(9)

The weight functionw(r, ϕ), i.e., the square of the partial
derivative ofI with respect to the cartesian image coordinate
x [horizontal direction: see (6)] is given by

we(r, ϕ) = cos2 ϕ

(
∂Ie(r, ϕ)

∂r

)2

=
(er cosϕ)2

(1− r2)(1− r2 + e2r2)3
(10)

Substituting these results into (6) yields the prediction:

∆z(e) =

∫
−
∫ 1

0 ze(r, ϕ)we(r, ϕ)rdrdϕ∫
−
∫ 1

0 we(r, ϕ)rdrdϕ
(11)

The weight functionwe(r, ϕ) has a singularity of order two
for r = 1, i.e., at the occluding contour of the imaged el-
lipsoid. Thus, strictly speaking, the integrals in (11) do not
converge. However, this problem arises only if infinite im-
age resolution is assumed. To account for finite resolution,
we limit the integration to the inner pixels of the display
(i.e., r ∈ [0, 0.995] rather than [0, 1]).

The argument is summarized in Fig. 9a–d. As the elon-
gation of the imaged ellipsoid increases, the regions of high
image contrast move from the outline towards the center of
the ellipsoid’s image. At low elongations, the average is thus
dominated by marginal parts of the image, i.e., regions with
relatively little depth, whereas at high elongations, the av-
erage is taken predominantly from regions with high depth
values. As a result, the depth average grows faster than the
elongation.

The numeric solution of (11) can be approximated by
a power law with exponent 1.58. In a double–logarithmic
plot, the theoretical curve thus becomes a straight line with
a slope of 1.58 (Fig. 10a). This prediction is well in line
with the measured slopes, which range from 1.51 to 2.07.

As an alternative possibility, assume that the weighting
function does not depend on local contrast. In this case, it is
independent of the ellipsoid’s elongation as well, since con-
trast distribution is the only stimulus parameter influenced
by elongation in our experiments. A purely spatial weighting
function w(r) might still account for differences in saliency
of central and peripheral regions of the ellipsoid’s image.
From (11), we can analytically compute the relation of∆z
ande for contrast-independent weighting by using the rela-
tion ze(r, ϕ) = ez1(r, ϕ):

∆z(e) = e

∫
−
∫ 1

0 z1(r, ϕ)w(r)rdrdϕ∫
−
∫ 1

0 w(r)rdrdϕ
= ke (12)

for some constantk depending on the spatial weight distri-
bution. For contrast-independent weighting, (12) predicts a
linear relationship between elongation and perceived offset;
the predicted slope of the regression lines in the double–
logarithmic plot of Fig. 8 is therefore 1.0 (Fig. 10b). Note
that the case of contrast-independent weighting also includes
the possible use of the point–disparity of the intensity ex-
tremum (which here does provide some disparity informa-
tion) or of the shallow Laplacian zero-crossings occurring
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for e > 1; in these cases, perceived offset should again be
proportional to elongation.

In summary, our data strongly suggest that the weight-
ing function does depend on contrast, since any contrast–
independent weighting would result in a slope of 1.0. As a
possible candiate for weighting, we propose the square of
the image intensity gradient (or local power) as a measure
of local contrast. This weighting function explains the re-
sults of experiment 2 and is predicted by the mean square
difference mechanism of intensity–based stereo.

5 General discussion: Modularity of stereoscopic depth
perception

5.1 Feature–based versus intensity–based stereopsis

The data presented here and in the previous paper (Arndt et
al. 1995) strongly suggest the existence of a mean square
difference mechanism in human stereopsis. It should be un-
derstood that the distinction between mean square difference,
which has to be minimized in order to obtain disparity, and
interocular correlation, which has to be maximized, is sub-
tle, lying mostly in the normalizations of the intensity func-
tion involved. Since normalization was not addressed in our
experiments, we use the two terms synonymously in this
discussion.

Our result is well in line with a number of earlier findings
including, among others, global surface perception in ran-
dom dot stereograms superimposed with uncorrelated noise
(Cormack et al. 1991), the perception of ghost planes in ran-
dom arrays of double–nail displays (Weinshall 1991), and the
computation of average depth for disparity–evoked vergence
(Mallot et al. 1996b). Interestingly, all these examples of a
mean square difference mechanism relate to surface percep-
tion or global stereopsis in the sense of Julesz (e.g., Julesz
1971).

Do these findings justify the distinction between different
independent mechanisms or ‘modules’ in stereo processing?
More specifically, can we separate a correlation module from
a feature correspondence module? One argument in favor
of this distinction is that a (hypothetical) module relying on
feature correspondence alone could not ‘see’ intensity–based
stereo while a (likewise hypothetical) module relying exclu-
sively on mean square difference would fail to localize single
dots in three–dimensional clouds. However, it is easy to con-
ceive of stereo mechanisms with adjustable smoothness or
correlation windows which approximate global correlation
if only coarse image data are available while higher reso-
lutions are obtained in the presence of sufficient gray-level
variation (i.e., features; for an example, see DeAngelis et al.
1995). B̈ulthoff and Yuille (1991) have formulated the idea
of stimulus-dependent smoothing in the framework of the
Bayesian theory of estimation. Experimental support for this
idea comes from an experiment reported by Bülthoff et al.
(1991) who showed that the dependence of perceived depth
on disparity gradient is modulated by stimulus properties
such as the shape of the matching targets. Neural network
realizations of Bayesian algorithms are easy to construct us-
ing disparity–tuned units (for review see Blake and Wilson
1991) which would be capable of evaluating both smooth
and feature–based input information.

An empirical argument supporting the separation of two
modules comes from the study of the role of contrast in im-
ages with different amounts of edge–based information. If
good edge information is available, contrast does not influ-
ence stereo acuity as long as the stimulus remains visible
(Lit et al. 1972). However, if edge information is blurred,
such as in gratings with low spatial frequency, contrast be-
comes important. For example, Legge and Gu (1989) have
shown that for gratings with 0.5 and 2.5 cycles per degree,
contrast at stereo threshold is inversely proportional to dis-
parity squared. From this result, they concluded that a peak–
matching mechanism is involved. This conclusion was based
on a consideration of the positioning error of intensity peaks
as a function of the signal–to–noise ratio. Since we have
shown that the mean square difference mechanism predicts
an inverse proportionality between contrast and disparity (5),
the difference between our result for images without edges
(slope−1 in Fig. 4) and the result of Legge and Gu (1989)
for images with blurred edge and peak information, hints at
different mechanisms for feature– and intensity–based stere-
opsis. It should be stressed, however, that even if a distinct
module for feature–based stereo exists, it is not entirely free
of contrast information: contrast similarities do influence the
selection of stereo matches (Smallman and McKee 1995;
Mallot et al. 1996a).

A dissociation between intensity– and feature–based im-
age data was reported by Arndt et al. (1995, Sect. 1.3):
in a pseudoscopic presentation of dotted ellipsoids (as in
the middle row of Fig. 5), some subjects perceived veridi-
cal depth from the dots (i.e., a concavity) while intensity
information led to the perception of a transparent convex
‘dome’ in front of the dots. It is not entirely clear, how-
ever, whether this result is due to a dissociation between
intensity– and feature–based stereopsis, or between shape–
from–shading and feature–based stereopsis.

5.2 Intensity–based stereopsis versus shape–from–shading

In contrast to feature–based stereopsis, intensity–based stere-
opsis does not lead to a pointwise depth map and thus no
shapes can be derived. For example, a pseudoscopic stereo-
gram of a textured ellipsoid (i.e., a stereogram of a bowl)
is seen as a concave surface. In contrast, a pseudoscopic
stereogram of a smooth shaded ellipsoid is not seen concave
but as a solid object which appears flatter and further away
than its orthoscopic version (cf. Fig. 5). Thus, intensity-based
stereo determines the perceived distance of the entire object
but cannot overcome pointwise data from monocular cues
such as shape–from–shading or prior assumptions such as
convexity and general viewpoint.

5.3 An ecological view of modularity in depth perception

In summary, we propose the following preliminary frame-
work for further investigation of stereo and depth mecha-
nisms (cf. Fig. 11). We start from an ecological perspective
of depth perception as a process allowing recovery of var-
ious descriptions of three-dimensional objects (shape, dis-
tance, depth ordering, orientation, etc.) from depth cues in
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✻
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near/far
vergence control
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overall corresp.

local corresp.

3D shape

UNIOCULAR PREPROCESSING

contrast localized features

IMAGE DIFFERENCE

POINT MATCHING

INTERACTION with
PICTORIAL DEPTH CUES

Fig. 11. Proposed breakdown of stereo mechanisms requiring different
amounts of uniocular preprocessing and subserving different perceptual
competences

the visual sensory input (disparities, shading, texture gra-
dients, motion parallax, to name just a few). In this view,
modules are behavioral, not computational subunits. We use
the term ‘depth descriptor’ to denote different experimen-
tally assessible aspects of depth perception without implying
that for each ‘descriptor’ there is a specialized computational
module, representation or percept (Bülthoff and Mallot 1990;
see also Braunstein et al. 1986). We can now characterize
putative stereo mechanisms along two dimensions:

A. Which type of image information is used and how
much uniocular preprocessing is required? The simplest
cases here are shape–from–shading and intensity–based
stereo working directly on image contrast. Successively
higher stages of preprocessing are required for feature–based
point disparities, texture gradients, orientation and motion
disparities, etc.

B. Which depth descriptor is the mechanism used for?
Here, we propose the following stages of complexity: 1.
Depth ordering or near/far distinctionis required for orien-
tation reactions including vergence control. In Arndt et al.
(1995) as well as in experiment 1 of the present paper, we
have shown that intensity–based disparities suffice to per-
form this task. In vergence control it was shown that even
if edge information is present, contrast information is used
in a way predicted quantitatively by a correlation scheme
(Cormack et al. 1991; Mallot et al. 1996b).

2. Overall distance of objectsis a quantitative version of
the global depth ordering task mentioned above. In experi-
ment 2, we showed that this task again can be solved purely
from intensity–based disparity information.

3. Overall correspondenceis studied, e.g., with the wall-
paper illusion (see McKee and Mitchison 1988; Jordan et al.
1990). This is the simplest case in which the problems of
stereo correspondence arise, since only one global disparity
has to be found for the entire image. Mallot et al. (1996a)
have shown that contrast information is involved in this task
as well. If conflicting information is presented in different
spatial frequency bands, the distribution of signal energy
(or autocorrelation) across the different channels determines
depth perception (see also Smallman 1995).

4. Correspondence of localized image featuresyields
sparse depth information at more or less isolated points. This
is not easily explained by a mean square difference mecha-
nism. As mentioned above, contrast information seems not
to be involved in this task (but see Smallman and McKee
1995). Other characteristics of correlation schemes, such as
distance weighting (decreased plausibility of high disparity
matches), however, have been found as well (Mallot and
Bideau 1990).

5. Three-dimensional shapeis the richest and most com-
plex description of an imaged surface. In human shape per-
ception, pictorial cues such as shading or texture gradients
as well as prior assumptions play an important role (Bülthoff
and Mallot 1988; Buckley and Frisby 1993).

Figure 11 summarizes our view of different mechanisms in-
volved in depth perception. The simplest (and possibly evo-
lutionarily oldest) mechanism is mean square difference or
correlation using raw image information and leading to sim-
ple, coarse stereoscopic percepts. This mechanism is strongly
affected by image contrast and produces a coarse description
of continuous surfaces in space. Its mechanism is computa-
tionally characterized by area correlation or the mean square
difference of image intensities [cf. (1)]. Besides intensity–
based stereo, we propose including global stereopsis, i.e., the
perception of continuous surfaces based on large numbers of
(random) dots (Julesz 1971) in this module. This is supported
by the fact that in experimental procedures favoring the per-
ception of global stereopsis, correlation–type mechanisms
have been found similar to the square difference model pro-
posed here for intensity–based stereo. The ecological useful-
ness of image difference stereopsis has been demonstrated
in, for example, binocularly guided prey catching (Wiggers
et al. 1995) and obstacle avoidance by autonomous vehicles
(Mallot et al. 1990).

In contrast, the correspondence mechanism or standard
feature–based stereopsis operates in the presence of (not too
many) localized image features. It is only weakly affected
by image contrast (except for contrast polarity) and leads to
the perception of isolated points in space. Observations in-
cluding autostereograms and the double–nail illusion (Krol
and van de Grind 1980) indicate that feature–based stereo
actually suffers from the correspondence problem and relies
on ordering constraints of various kinds to overcome it. If
crossed with intensity–based stereo, either it vetos the con-
tradictory information, or surfaces and dots corresponding
to the two conflicting cues are perceived simultaneously at
different depth positions (‘subjective surfaces’: Bülthoff and
Mallot 1988; Arndt et al. 1995).

6 Conclusion

We have shown that minimization of mean squared im-
age difference can account quantitatively for stereoscopic
depth perceptions evoked by smoothly shaded images. The
contrast and disparity thresholds for intensity–based stereo
are inversely proportional to each other, as is predicted by
the square difference mechanism. The amount of depth per-
ceived from curved surfaces without localized features is an
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α

F

P

Q

Fig. B1. Geometry of pseudoscopic image presentation.F , fixation point;
the angleα at F is the vergence angle.Circles are iso–disparity curves
(spacing 2.5◦), including the Vieth–M̈uller circle passing through fixation.
Radial linesare the outer parts of the hyperbolae of Hillebrand, that is
iso–curves of cyclopean direction or Hering version,γ, i.e., lines where the
mean of the angles with the left and right lines of sight is constant (spacing:
5◦). Theopen areaenclosed by the iso–disparity circle with disparity−α is
not mapped to a physically meaningful position by pseudoscopic inversion

average of the true disparities weighted with the local im-
age contrast. Again, this result was predicted by the square
difference mechanism.

Appendix A. Derivation of Eq. 6

We have to minimize the expression (1)

Φ(D) =
∫ ∫

[Il (x, y) − Ir(x + D, y)]2dxdy (A1)

Let us denote byδ(x, y) the true disparity profile, i.e., a
function describing the simulated surface. For the sake of
simplicity, we use the asymmetric formulation:

Ir(x, y) = Il (x − δ(x, y), y) (A2)

Setting I(x, y) := Il (x, y) and substituting (A2) into (A1),
we obtain:

Φ(D) =
∫ ∫

[I(x, y) − I(x − δ(x, y) + D, y)]2dxdy (A3)

The minimization is now performed by settingΦ′(D) = 0.
The solution will be denoted byD . Applying the chain
rule,

0 = 2
∫ ∫

I (x − δ(x, y) + D, y)

×[I(x, y) − I(x − δ(x, y) + D, y)]dxdy (A4)

and linearly approximating the term in brackets,

0
∫ ∫

I (x, y)[(D − δ(x, y))I (x, y)]dxdy (A5)

we finally obtain:

D

∫ ∫
δ(x, y)I2(x, y)dxdy∫ ∫

I2(x, y)dxdy
(A6)

Appendix B. Geometry of pseudoscopic stereograms

In the main section of the paper, we assumed that exchanging
the half-images of a stereogram simulates a surface which is
roughly mirrored in depth at the zero-disparity plane. This
simplifying assumption is not completely correct, as will be
discussed in this appendix. The deviations are only minor,
however, and do not affect the argument presented above.

The geometry of the pseudoscopic inversion of single
points is summarized in Fig. B1. Consider a pointP at
anglesϕl and ϕr measured from the left and right axes
of sight, respectively. Its disparity (relative to the fixation
point) is given byδ := ϕl − ϕr; its cyclopean direction
is γ := (ϕl + ϕr)/2. With these notations, the exchange of
the half-images amounts to the transformation (pseudoscopic
inversion)

P : (δ, γ) → (−δ, γ) (B1)

In Fig. B1, the pointsP andQ are related by pseudoscopic
inversion.

Figure B2 shows the pseudoscopic inversion for the sur-
faces and experimental setup used in experiment 2. In sum-
mary, the following deviations from the simple mirroring
assumption can be infered from the two figures:

1. Points with disparities less than (more negative than)−α
(the vergence angle of the system) cannot be inverted. The
iso–disparity circle forδ = −α is shown as a bold line in
Fig. B1. It is transformed into a ‘circle’ with infinite radius,
the proximal part of which is shown as a horizontal line
passing through the projection centers. Therefore, pseudo-
scopic inversion does not lead to geometrically meaningful
stereograms in systems with parallel camera axes (α = 0) or
with small vergence angles; in this case, the rays from the ex-
changed image points through their corresponding projection
centers will diverge. Parallel axes of view occur, for exam-
ple, when viewing large outdoor scenes such as landscapes.
As can be expected from Fig. B1, pseudoscopic presentation
of such outdoor scenes does not lead to depth inversions.

2. Even if the point falls in the transformable disparity
range (δ ∈ [−α, α]), the surface it belongs to will be dis-
torted (Fig. B2a). While a true mirroring with respect to a
circle is conformal, the pseudoscopic inversion is not.

3. In complex scenes, some points may be occluded for
one eye but not for the other. This monocular occlusion
(sometimes also called ‘DaVinci stereopsis’), which repre-
sents a strong stereoscopic depth cue in itself (see Anderson
and Nakayama 1994), is confused by pseudoscopic inver-
sion: the occluding object will now appear further away and
the formerly occluded points should be visible from both
eyes. The effect can be observed in the bottom row of Fig. 5,
where it makes it hard to perceive the pseudoscopic version
at all (cf. Braunstein et al. 1986).



197

-20 -10 0 10 20

Horizontal Position [cm]

10
50-5

-10
-50’

-25’

  0’   0’

 25’

 50’

-20 -10 0 10 20

Horizontal Position [cm]

90

100

110

120

130

140

150
D

is
ta

n
ce

 f
ro

m
 O

b
se

rv
er

 [
cm

]

10
50-5

-10
-50’

-25’

  0’   0’

 25’

 50’

a. b.
Fig. B2. a Simulated depth profiles in the pseudoscopic (left) and orthoscopic (right) viewing conditions for ellipsoids with four elongations (0.5, 1.0, 2.0, 4.0).
b Average adjusted depth positions of the orthoscopically presented surfaces for subject M.J. (replotted from Fig. 8). Spacing of iso–disparity–cicles: 5 min arc.
Spacing of the iso–lines of cyclopean direction: 1◦. In the calculation, it is assumed that the subject did not perform vergence eye movements during the
adjustment. This was not controlled in the experiments and vergence movements are in fact likely to occur

4. Finally, pseudoscopic presentation of a convex surface
results in a concave curvature. If shading is included, this
concave surface lacks the interreflection from the inward-
slanted walls expected for a realistic image. Thus, shading
and stereo information will usually be in conflict in pseudo-
scopic images.
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