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Abstract. This paper describes a class of random additively decompos-
able problems (rADPs) with and without interactions between the sub-
problems. The paper then tests the hierarchical Bayesian optimization
algorithm (hBOA) and other evolutionary algorithms on a large number
of random instances of the proposed class of problems. The results show
that hBOA can scalably solve rADPs and that it significantly outper-
forms all other methods included in the comparison. Furthermore, the
results provide a number of interesting insights into both the difficulty
of a broad class of decomposable problems as well as the sensitivity of
various evolutionary algorithms to different sources of problem difficulty.
rADPs can be used to test other optimization algorithms.

1 Introduction

There are three important approaches to testing optimization algorithms:

(1) Testing on the boundary of the design envelope using artificial test problems.
For example, concatenated traps [1,2] represent a class of artificial test prob-
lems that can be used to test whether the optimization algorithm can auto-
matically decompose the problem and exploit the discovered decomposition
effectively.

(2) Testing on classes of random problems. For example, to test algorithms for
solving maximum satisfiability (MAXSAT) problems, large sets of random
formulas in conjunctive normal form can be generated and analyzed [3].

(3) Testing on real-world problems or their approximations. For example, the
problem of designing military antennas can be considered for testing [4].

The primary purpose of this paper is to introduce a class of random addi-
tively decomposable problems (rADPs), which can be used to test optimization
algorithms that address nearly decomposable problems. There are three main
goals in the design of the proposed class of problems:
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(1) Scalability. It should be straightforward to control problem size and difficulty
in order to test scalability.

(2) Known optimum. It should be possible to efficiently discover the global op-
timum of any problem instance so that it can be verified whether the global
optimum was found.

(3) Easy generation of random instances. It should be possible to generate a
large number of instances of the proposed class of problems.

The paper then applies several genetic and evolutionary algorithms to a large
number of random rADP instances. Specifically, we consider the hierarchical
Bayesian optimization algorithm (hBOA), genetic algorithms (GAs) with stan-
dard variation and mutation operators, the univariate marginal distribution al-
gorithm (UMDA), and the stochastic hill climber (HC). The results show that
hBOA significantly outperforms other algorithms included in the comparison.
Furthermore, the results provide a number of interesting insights into both the
difficulty of decomposable problems as well as the sensitivity of various evo-
lutionary algorithms to different sources of problem difficulty in decomposable
problems.

The paper starts by introducing the class of rADPs in section 2. Section 3
presents and discusses experimental results. Finally, section 4 summarizes and
concludes the paper.

2 Random Additively Decomposable Problems (rADPs)

This section describes the class of random additively decomposable problems
(rADPs) of bounded difficulty with and without overlap. Candidate solutions
are represented by binary strings of fixed length, but the proposed class of prob-
lems can be generalized to fixed-length strings over any finite alphabet in a
straightforward manner. The goal is to maximize the objective function (fitness
function).

The section first presents the general form of additively decomposable prob-
lems (ADPs). Then, the section discusses ADPs of bounded order with and
without interactions between subproblems. Finally, the section describes how to
generate random instances of the proposed class of decomposable problems.

2.1 Additively Decomposable Problems (ADPs)

The fitness function for an n-bit ADP can be written as the sum of subfunctions
defined over subsets of string positions:

f(X1, X2, . . . , Xn) =
m∑

i=1

fi(Si),

where n is the number of bits in a candidate solution, Xi is the variable corre-
sponding to the ith bit of a candidate solution, m is the number of subproblems
or subfunctions, fi is the ith subproblem, and Si ⊂ {X1, . . . , Xn} is the subset
of variables (string positions) corresponding to the ith subproblem.
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Clearly, any fitness function can be written in the above form because any
problem can be trivially decomposed into one subproblem containing all vari-
ables. The difficulty of ADPs depends on the order of subproblems, the sub-
problems themselves, and their interaction through string positions contained
in multiple subproblems. It is important to note that many difficult problems,
including NP-complete problems, can be defined using subproblems of relatively
short order that interact in a complex structure, while many easy problems may
contain interactions of high order. For example, the problem of finding ground
states of Ising spin glasses can be additively decomposed into subproblems of
order 2, but the problem is NP-complete as a result of complex interactions be-
tween the different subproblems that lead to strong frustration effects [5,6]. On
the other hand, if we consider a simple onemax problem (maximize the sum of
bits) and reinforce the global optimum by adding 1 to its fitness, any decom-
position of the problem must use a subproblem that contains all variables, but
for most algorithms the problem is still as easy as the original onemax or even
easier.

The remainder of this section defines the proposed class of rADPs, shows how
to generate random instances of the described class of problems, and outlines an
efficient method to solve these problem instances.

2.2 Defining ADPs with Overlap

Here we describe a class of ADPs where the overlap is relatively simple and
the optimum can be verified using an efficient procedure based on dynamic
programming. The order of all subproblems is fixed to a constant k and the
amount of overlap is specified by a parameter o ∈ {0, 1, . . . , k−1} called overlap.

The first subproblem is defined in the first k string positions. The second
subproblem is defined in the last o positions of the first subproblem and the next
(k − o) positions. All the remaining subproblems are assigned string positions
analogically, always defining the next subproblem in the last o positions of the
previous subproblem and the next (k−o) positions. For example, for k = 3, o = 1,
and m = 3 subproblems, the first subproblem is defined in positions (1, 2, 3), the
second subproblem is defined in positions (3, 4, 5), and the third subproblem is
defined in positions (5, 6, 7). Note that each string position is contained in one or
two subproblems and that for m subproblems with overlap o, the overall number
of bits is n = k + (m − 1)(k − o). Separable problems of order k are a special
case of decomposable problems of order k with no overlap, that is, o = 0. Other
approaches that control overlap in ADPs can be found in references [7,8,9].

To ensure that the subproblems are not always located in consequent string
positions, the string can be reordered according to a randomly generated per-
mutation. See Fig. 1 to visualize the aforementioned class of decomposable prob-
lems.

Assuming that the problem is decomposable according to the above defini-
tion and that we know the subsets S1 to Sm and the subfunctions f1 to fm, it
is possible to solve any problem instance using a deterministic algorithm based
on dynamic programming in O(2kn) fitness evaluations. The algorithm iterates
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(a) Tight linkage. (b) Loose linkage.

Fig. 1. Examples of ADPs with 4 subproblems of 4 bits each and 1-bit overlap. Each
string position (bit) is displayed as a rectangle and the string positions corresponding
to one subproblem are filled with the same color. The string positions that are located
in more subproblems are split along the diagonal.

through all subproblems, starting with one of the two subproblems that overlap
with only one other subproblem via o string positions. Each next iteration con-
siders one of the unprocessed subproblems that interacts with the last processed
subproblem via o string positions. For example, consider the aforementioned
problem with n = 7, k = 3, and o = 1, where the subproblems are defined
in the following subsets of positions: (1, 2, 3) for subproblem f1, (3, 4, 5) for f2,
and (5, 6, 7) for f3. The dynamic programming algorithm could consider the
subproblems in either of the following permutations: (f1, f2, f3) or (f3, f2, f1).

The dynamic programming algorithm starts by creating a matrix G = (gi,j)
of size (m− 1)× 2o, where gi,j for i ∈ {1, 2, . . . , m− 1} and j ∈ {0, 1, . . . , 2o − 1}
encodes the maximum fitness contribution of the first i subproblems according to
the considered permutation of subproblems under the assumption that the o bits
that overlap with the next subproblem (that is, with the (i + 1)th subproblem)
are equal to j using integer representation for these o bits. For example, for the
above example problem of n = 7 bits and permutation (f1, f2, f3), g2,0 represents
the best fitness contribution of f1 and f2 (ignoring f3) under the assumption
that the 5th bit is 0; analogically, g2,1 represents the best fitness contribution of
f1 and f2 under the assumption that the 5th bit is 1.

The algorithm starts by considering all 2k instances of the k bits in the first
subproblem, and records the best found fitness for each combination of values
of the o bits that overlap with the second subproblem; the resulting values are
stored in the first row of G (elements g1,j for j ∈ {0, . . . , 2o − 1}). Then, the
algorithm goes through all the remaining subproblems except for the last one,
starting in the second subproblem, and ending in the (m − 1)th subproblem.
For ith subproblem, all 2k instances of the k bits in this subproblem are ex-
amined. For each instance, the algorithm first looks at the column j′ of G that
corresponds to the o bits of ith subproblem that overlap with the previous sub-
problem. Then, the algorithm computes the fitness contribution of the first i
subproblems assuming that the first (i − 1) subproblems are set optimally and
the ith subproblem is set to the considered instance of k bits; this fitness con-
tribution is computed as the sum of gi−1,j′ and the fitness contribution of the
considered instance of the ith subproblem. The values in the ith row of G are
then computed from the fitness contributions computed as described above.

In the last step, all 2k instances of the last subproblem are considered and
their fitness contributions are computed analogically to other subproblems, using
the (m − 1)th row of G and the fitness contributions of the mth subproblem.
The maximum of these values is the best fitness value we can obtain. The values
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that lead to the optimum fitness can be found by examining all choices made
when choosing the best combination of bits in each subproblem.

2.3 Generating Random Problems

To generate random instances of the class of ADPs defined above, the user
must specify the number m of subproblems, the order k of decomposition, and
the overlap o. After specifying m, k, and o, for each subproblem fi, the 2k

values that specify fi are generated randomly; overall, there are 2km values to
generate. Finally, the permutation of string positions is generated to eliminate
the assumption of tight linkage.

In this work, we generate all 2k values of each subfunction from a uniform
distribution over interval [0, 1). The permutation is also generated from a uniform
distribution so that each permutation has the same probability. Of course, other
distributions can be considered for both the subfunctions and the permutations;
for example, the 2k values for each subfunction can be distributed according
to a Gaussian distribution and the permutations can be biased to enforce loose
linkage.

3 Experiments

This section presents and discusses experimental results.

3.1 Test Problems

We performed experiments on a number of instances of rADPs with and without
overlap that were generated as described above. All problems were solved using
the presented deterministic algorithm so that we could ensure that all algorithms
would find the actual global optimum. However, the compared algorithms were
not provided any information about the global optimum, the locations of the
subproblems, the order of decomposition, or the overlap.

All problems tested in this paper have the same order of subproblems, k = 4.
Three values of the overlap parameter were considered, specifically, o = 0, o = 1,
and o = 2. To examine scalability of the compared algorithms, problems of
various sizes n were examined for every value of o; the number of subproblems
can be computed from n and o as m = (n − o)/(k − o). For each combination of
values of k, o, and n, 1000 random problem instances were generated and tested.

3.2 Compared Algorithms

The paper considers genetic algorithms (GA) with standard crossover oper-
ators, the univariate marginal distribution algorithm (UMDA) [10], stochas-
tic hill climbing (HC), and the hierarchical Bayesian optimization algorithm
(hBOA) [11].

In GA, bit-flip mutation and either two-point or uniform crossover opera-
tor were used. hBOA and UMDA are estimation of distribution algorithms
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(EDAs) [12,10,13,14] where standard variation operators are replaced by building
and sampling a probabilistic model of promising solutions; hBOA uses Bayesian
networks with local structures to model candidate solutions, whereas UMDA
uses a simple univariate model based on single-bit probabilities. In stochastic
hill climbing, bit-flip mutation is used as the perturbation operator. In GA,
UMDA and hBOA, restricted tournament replacement is used to ensure effec-
tive diversity maintenance.

Performance of all algorithms is expressed in terms of the number of evalu-
ations until the global optimum has been found because in difficult real-world
problems, fitness evaluation is usually the primary source of computational com-
plexity. Furthermore, in all compared algorithms, the computational overhead
excluding evaluations can be upper bounded by a low-order polynomial of the
number of evaluations [15].

For hBOA, UMDA and GA, for every problem instance the minimum popu-
lation size to ensure convergence to the optimum in 10 out of 10 independent
runs is found using the bisection method [15]. The upper bound on the number
of generations for hBOA, UMDA and GA is set according to the existing the-
ory [16]; specifically, the number of generations for hBOA is upper bounded by
n whereas it is upper bounded by 5n for all other algorithms. In GA, the prob-
ability of applying two-point and uniform crossover is set to pc = 0.6, whereas
the probability of flipping each bit in mutation is set to pm = 1/n.

In HC, the only parameter set by the user is the probability of flipping each
bit in bit-flip mutation. Here we set the mutation rate to the optimum mutation
rate for order-k separable problems provided in [17] as pm = k/n. The HC is ran
10 times and each run is terminated when the global optimum is found.

3.3 Results

Fig. 2 compares the performance of hBOA, GA, UMDA, and HC on random
problems with o = 0 and o = 2. Fig. 3 visualizes the effects of the overlap
parameter o on the performance of hBOA, GA, and HC. We omit the results for
UMDA because UMDA could solve only smallest problem instances. Fig. 4 shows
how the performance of the two best methods (hBOA and GA with uniform
crossover) varies across the class of random decomposable problems by showing
not only the results for the entire set of 1000 random problems, but also those
for the most difficult 50%, 25%, 12.5%, 6.25%, and 3.125% problem instances
(the difficulty is measured by the number of evaluations until convergence).

3.4 Discussion

The results indicate a low-order polynomial growth of the number of function
evaluations required by hBOA to solve random instances of the proposed class
of problems for any value of o; specifically, the number of evaluations can be
approximately upper bounded by O(n1.85) for o = 0, O(n1.92) for o = 1, and
O(n2.02) for o = 2. The low-order polynomial performance can be observed even
if one considers only the most difficult problem instances.
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(a) hBOA vs. UMDA and GA for o = 0
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(c) hBOA vs. UMDA and GA for o = 2
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Fig. 2. Comparison on random decomposable problems

On the other hand, the results indicate that GA with standard crossover and
mutation operators requires exponential time because it is not capable of com-
bining promising solutions effectively as argued in [18,19] for deceptive problems;
the reason for this behavior is that standard recombination operators can effec-
tively combine only short-order, tight schemata [20,21] and this may often be
insufficient if the short-order, tight schemata do not lead to the optimum. The
performance of hBOA, GA and UMDA gets slightly worse with overlap although
all algorithms perform similarly for different values of overlap.

Mutation by itself is also inefficient and its performance is much worse than
the performance of hBOA even on separable problems where there is no overlap.
Overlap further affects mutation, making this operator work much less efficiently
even with the overlap of only o = 1; the effects of overlap are much stronger for
HC than for the recombination-based methods hBOA, GA and UMDA.

4 Summary and Conclusions

This paper presented a class of random additively decomposable problems
(rADPs) with and without overlap. The proposed class of problems differs from
other comparable problem classes in several important ways. First of all, unlike in
concatenated traps, onemax, and many other artificial decomposable test prob-
lems, here each subproblem of a specific problem instance is expected to be unique
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Fig. 3. The effects of overlap on the performance of hBOA, GA, and HC

and both the difficulty of subproblems as well as the signal-to-noise ratio are ex-
pected to vary fromone subproblem to another. Second, unlike in Ising spin glasses,
MAXSAT and many other difficult problems, all problem instances are relatively
easy to solve given all problem-specific knowledge or effective variation operators
that can automatically identify and exploit problem decomposition. Despite that,
the generated problems are still difficult enough to make many standard, ineffec-
tive variation operators fail. It is also important that in the proposed class of prob-
lems, problem difficulty and the order of interactions between subproblems can
be controlled in a straightforward manner. Since it is widely believed that many
real-world problems are nearly decomposable and the proposed class of problems
covers many potential problems of this form, the proposed class of random prob-
lems can be used to provide valuable information about the performance of various
optimization algorithms in many real-world problems and to design automated
methods for setting algorithm-specific parameters in a robust manner.

The paper applied a number of evolutionary algorithms to random instances
of the proposed class of problems. Specifically, the paper considered the hierar-
chical BOA (hBOA), the genetic algorithm (GA) with standard crossover and
mutation operators, the univariate marginal distribution algorithm (UMDA),
and the hill climbing (HC) with bit-flip mutation. The results showed that the
best performance is achieved with hBOA, which can solve all variants of random
decomposable problems with only O(n2.02) function evaluations or faster. GA,
UMDA and HC perform much worse than hBOA, usually requiring a number of
evaluations that appears to grow exponentially fast. The results also provided
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Fig. 4. hBOA on most difficult 100%, 50%, 25%, 12.5%, 6.25%, and 3.125% instances

insight into the sensitivity of recombination and mutation operators to overlap
in decomposable problems; specifically, recombination-based methods appear to
be much less sensitive to overlap than the methods based on local search oper-
ators. Although deception is not enforced for any subproblem, linkage learning
remains important. Finally, the difficulty of random decomposable problems does
not seem to vary much within the same setting of n, k, and o.

The source code of the proposed problem generator and other related functions
in ANSI C is provided online atMEDAL web page, http://medal.cs.umsl.edu/.
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