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Introduction

Leptons and neutrino

Three generations

About 50 years of experimental research yielded in discovery of
three types of neutrinos associated to leptons:

(

e
νe

) (

µ
νµ

) (

τ
ντ

)

1956 1962 2000
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Introduction

Neutrino masses

Are neutrinos massive?

No direct observation of neutrino mass yet. Only limits:

mνe < 2.2 eV, mνµ < 170 keV, mντ < 15.5 MeV

From cosmology (model dependent)

∑

i=νe,νµ,ντ

mi < 1 eV

If ν have a mass should νe, νµ, ντ be massive?

Not necessarely!
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Introduction

Neutrino masses

Masses in the SM

In the SM all particles initialy are massless. They acqure their
masses due to symmetry breaking interacting with Higgs boson.

Quarks are a good example:

Massless quarks

Ū = (ū, c̄, t̄) ,D =





d
s
b





after symmetry breaking a “mass“ term with non-diagonal
matrixM appears in the SM L:

L =
1

2
ŪMD +

g

2
√

2
Ūγµ (1− γ5)D Wµ

and diagonal interaction term
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Neutrino masses

Masses in the SM

M can be diagonalized introducing two unitary matrices K,N :

Ū = ŪK†, D = ND

in a way that:

1

2
ŪMD =

1

2
ŪK†MND and K†MN is diagonal

→The fields U,D are physical because they have a

definite mass.

→The price is that originally diagonal interaction term

becomes non-diagonal:

g

2
√

2
Ūγµ (1− γ5)D Wµ =

g

2
√

2
Ūγµ (1− γ5)K

†ND Wµ

The product of two unitary matrices V = K†N is also a unitary
matrix known as CKM matrix.
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Neutrino masses

Masses in the SM

We used to think about physical massive states of quarks
grouped in three doublets:

(

u
d

) (

c
s

) (

t
b

)

and having CKM matrix in the non-diagonal interaction sector:

L =
g

2
√

2
Vudūγµ (1− γ5) d W

µ

+
g

2
√

2
Vusūγµ (1− γ5) s W

µ,

+
g

2
√

2
Vubūγµ (1− γ5) b W

µ, etc
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Neutrino masses

A note about notations

1 Let me note that we never use a super position like:

ψud = Vudd+ Vuss+ Vubb

to write in short notation:

L =
g

2
√

2
ūγµ (1− γ5)ψud

2 Let me also note that even if ψud was ever used I never
heard that one wants to interpret ψud as a physical state.
Did you ever heard a name like u-th down quark?
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Neutrino masses

Neutrino masses

Neutrino masses appear in the SM in exactly (or to be more
precise - VERY similar1) way: leading to the very similar mixing
matrix V called Pontecorvo-Maki-Nakagawa-Sakata matrix and
physical massive neutrinos ν1, ν2, ν3.

Psychological adaptation

However 50 years of research in neutrino field make VERY
difficult to think about so called flavour states like:
νe = Ve1ν1 + Ve2ν2 + Ve3ν3 as about non-physical mixture like
Vudd+ Vuss+ Vubb

We still like to call both ν1, ν2, ν3 and νe, νµ, ντ as physical sets
while in fact ν1, ν2, ν3 are physical and interaction is not
diagonal exactly as with quarks.

1Have a look for lectures of Andrea Romanino for deeper understanding at

http://astronu.jinr.ru/wiki/upload/4/49/Romanino_Lectures_Dubna_2007.pdf

http://astronu.jinr.ru/wiki/upload/4/49/Romanino_Lectures_Dubna_2007.pdf
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Neutrino masses

Namings

1 We do not use ψud = Vudd+ Vuss+ Vubb

(

u
d

) (

c
s

) (

t
b

)

← massive states

2 However we use νe = Ve1ν1 + Ve2ν2 + Ve3ν3

(

e
ν1

) (

µ
ν2

) (

τ
ν3

)

← massive states

Warning

This issue becomes much more deeper when thinking about
“GSI anomaly“. Let us postpone the discussion to the Section
“GSI anomaly“
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Quantum Mechanics of ν oscillations in Vacuum

Assume neutrino have a mass

If neutrinos have a mass then what?
→ an interesting effect - neutrino oscillations appears
→ We consider this in Quantum Mechanics and QFT
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Quantum Mechanics of ν oscillations in Vacuum

Naive picture

1 An evolution of a relativistic particle with 4-momenta

pi = (
√

p2 +m2
i ,p) is given by e−ipixi with 4-point

xi = (t0i ,x)

2 If in a reaction was produced | να〉 =
∑

i Vαi | νi(0)〉 then at
a position x the state | να〉 will be evolved as:

| να〉 =
∑

i

Vαie
−ipixi | νi(0)〉

3 this may look like a state 〈νβ | with a probability:

Pαβ ≡| 〈νβ(x) | να(0)〉 |2=
∑

ij

VαiV
∗
iβV

∗
αjVjβe

−i(pixi−pjxj)
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Quantum Mechanics of ν oscillations in Vacuum

Periodical transformations = oscillations

In QM we say that να transforms into νβ after some time at a
certain distance |x| with a periodicity defined by the phase

φij = pixi − pjxj

In the standard approximation ti = tj = |x| ,pi = pj :

φij = (Ei−Ei) |x|−(pi−pj)x =

(

E2
i − E2

j

Ei + Ej

)

|x| ≈
m2

i −m2
j

2E
|x|

(1)
Thus φij depends on E, |x| and φij made a ground for the new
industry in neutrino physics. How solid is the background?
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Quantum Mechanics of ν oscillations in Vacuum

A small improvement

Let us make a small improvement: take into account that
neutrinos with different masses pass the distance |x| with
different times:

ti =
L

vi
= |x| Ei

p
6= tj =

|x|
vj

= |x| Ej

p

Now:

φij = (Eiti − Ejtj)− (p− p)x = (
Ei

vi
− Ej

vj
) |x|

= (
E2

i

p
−
E2

j

p
) |x| = (

p2
i +m2

i

p
−
p2

j +m2
j

p
) |x|

=
m2

i −m2
j

p
|x|

(2)

This phase is two times larger!
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Quantum Mechanics of ν oscillations in Vacuum

Naive questions/problems

1 Is the QM description adequate2 if a small improvement
like v 6= 1 makes the phase two times larger?
→ which velocity is right?

2 In a decay energy and momentum is conserved but να → νβ

means that along the oscillation path neutrino becomes
lighter or heavier:
→ is energy-momentum conserved in oscillations?

3 if neutrino momentum is well defined then position is
undefined δx ∼ ~/p =∞ then how one can observe
oscillations as function of |x|

Questions needs Answers

We look for answers to these naive questions/problems going
beyond this theory from QM to Quantum Field Theory

2QM can be adequte with wave packets too, see Shirokov& V.A.Naumov

paper and others
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Quantum Mechanics of ν oscillations in Matter

Interaction of neutrino with matter electrons shifts neutrino
masses because νe interacts with matter due to W and Z
exchange, while νµ and ντ only via Z boson.
Qualitative items:

1 The effect depends on GFne

2 Neutral currents are not important as they give same shift
to all νi

3 The mixing matrix V is redefined in the matter V → Umat
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Quantum Mechanics of ν oscillations in Matter

Our motivations and goals

QM derivation of neutrino oscillation is too simple and
maybe not correct.
→ We need to go beyond the QM and consider a more
general theory - QFT

However a “normal“ QFT exploits plane waves
(ψ(x) = e−ipx with |ψ(x)|2 = 1 for any x) to describe
particles
This is OK for a large variety of cases (mainly for
accelerator experiments) but is not good for some cases
including neutrino oscillations

→ we want to get rid of plane waves and develop a theory
of relativistic Lorenz convariant wave packets
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Quantum Mechanics of ν oscillations in Matter

Our motivations and goals

Having a theory of wave packets we want to study
phenomena of a flavour transformations using QFT with
wave packets and macroscopically separated source and the
detector
→ in vacuum → and in the matter, moving matter, even
arbitrarely fast moving matter
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Theory of wave packets in QFT

Particle state

Plane wave Wave packets

a†ks A†
ps(x) =

∫ dkφ(k,p)ei(k−p)x

(2π)3
√

2Ek2Ep

a†ks,

|k, s〉 =
√

2Eka
†
ks|0〉 |p, s, x〉 =

√

2EpA
†
ps(x) |0〉

|k, s〉 7−→ UL|k, s〉 = |Lk, Ls〉 |p, s, x〉 7−→ UL|p, s, x〉 = |Lp, Ls, Lx〉.
Lorentz scalar φ(k, p) might depend on some “width“
parameter(s) σ. We require that our wave packets are reduced
to plane wave in the case of vanishing σ (Correspondence
principle):

lim
σ→0

A†
ps(x) = a†ps.

this implies:

lim
σ→0

φ(k,p) = (2π)32Epδ(k− p).



ν oscillations

Theory of wave packets in QFT

Lorentz invariance gives:
∫

dk

(2π)32Ek

φ(k,p) =

∫

dk′

(2π)32Ek′

φ(k′,p′)

which using also Correspondence principle allows us to impose:
∫

dk

(2π)32Ek

φ(k,0) = 1.

In other approaches people use non-covariant and
non-relativistic wave packets imposing a condition like

∫

dk

(2π)3
|φ(k, p)|2 = 1

which means that the wave packet is normalized in a completely
different way compared to plane wave

< k, s, x|k, r, x >= δsr compare to < k, s|p, r >= 2Ep(2π)3δsrδ(k−p)
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Theory of wave packets in QFT

We assume that φ(k,p) is a sharp function reaching the
maximum at k = p.

Obviously, it is a symmetric function of the independent
variables k and p, φ(k,p) = φ(p,k), but it is not a function
of k− p only, as explicitly or implicitly assumed in the
noncovariant wave packet approaches; the latter is the case
only in the nonrelativistic approximation, as is seen from
the low-momentum expansion:

(k−p)2 = − (k− p)2
[

1− (k + p)2

4m2
+

(k + p)2 (k2 + p2)

8m4
+ . . .

]

.
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Theory of wave packets in QFT

Coordinate representation

Spinor field operator

Ψ(x) =

∫

dk

(2π)3
√

2Ek

∑

s

[

aksus(k)e−ikx + b†ksvs(k)eikx
]

.

The projection of the state Ψ(x)|0〉 onto the one-particle state
|p, s〉,

〈0|Ψ(x)|p, s〉 = us(p)e−ipx,

〈0|Ψ(x′)|p, s, x〉 ≈ e−ipxus(p)ψ(p, x− x′),
where ψ is the Lorentz-invariant function defined by

ψ(p, x) ≡ ψ(p, x0,x) =

∫

dk

(2π)32Ek

φ(k,p)eikx,



ν oscillations

Theory of wave packets in QFT

Effective volume of the packet

V(p) =

∫

dx|ψ(p, x)|2 =

∫

dk|φ(k,p)|2
4(2π)3E2

k

=
V(0)

Γp

density function:

ρ(p, x) = |ψ(p, x)|2/V(p)

Normalization is given by:

〈p, s, x|p, s, x〉 = 2EpV(p).

compare this to plane wave normalization

< k, s|p, s >= 2Ep(2π)3δ(k− p)
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Theory of wave packets in QFT

Multi-particle states

With plane waves we have a counter intuitive picture: two
electrons can not be in one quantum state (having exactly the
same momentum) even if one electron is here and second is at
the Moon:

|p,p〉 = −|p,p〉 = 0

while wave packets or finite size particles give an intuitively
transparent picture:

2〈{p, s, x} | {p, s, x}〉2 = (2mV⋆)
2−δs1s2 |D(p1,p2;x1−x2)|2 (3)

with

D(p,q;x− y) =

∫

dk

(2π)32Ek

φ(k,p)φ∗(k,q)eik(x−y).

which is small if p 6= q or x 6= y and tends to (2mV⋆)
2 for both

p = q, x = y. Thus if two particles are separated in space-time
they can have the same momenta.
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Theory of wave packets in QFT

Multi-particle states

We found also n〈{p, s, x} | {p, s, x}〉n (omit here). It has the
following properties:

If the space-time points x1, x2, . . . , xn are well separated
and/or the 3-momenta p1,p2, . . . ,pn essentially differ from
each other (nonoverlapping regime), the n-packet matrix
element is approximately equal to (2mV⋆)

n.

In the opposite situation, when the wave packets strongly
overlap in both the momentum and the configuration space,
the n-boson matrix element tends to n!(2mV⋆)

n, while the
n-fermion matrix element vanishes. The latter property is
merely a manifestation of the Pauli principle.
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Theory of wave packets in QFT

Rates:

A rate appears more physically than with plane waves where
one does the following trick:

|A|2 ∝ [δ4(pi − pf )]2 = (2π)4δ4(pi − pf )(2π)4δ4(0)

and then “observable rate“ reads as:

|A|2
V T

∝ [(2π)4δ4(pi − pf )

with (2π)4δ4(0) = V T where V - 3 volume, T - time. Volume of
what ? Which time? Instead with wave packets:

P (ts, {xa}; td) =

∫

dxdt
∏

a

|ψa(x− xa, t− ts)|2

× (2π)4δ(
∑

a

pa −
∑

b

pb)
|M|2

∏

a 2EaVa

∏

b

dpb

(2π)32Eb

(4)
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Theory of wave packets in QFT

Rates:

The probability is proportional to overlaping 4-volume of
interacting initial wave packets which is intuitively
apparent.

Infinities like δ4(0) do not appear at all

V T is not an infinitely large volume as assumed in the
plane wave derivation but instead is an overlap volume
(small compared to macroscopic scale)
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Theory of wave packets in QFT

Now we are ready to attack neutrino oscillations
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QFT of neutrino oscillations in vacuum

What do we want to compute in QFT?

1 We want to compute in QFT a
one-amplitude process with
macroscopically different
production and detection points

2 Neutrino which propagates from xs

to yd is virtual

3 xs to yd are localized in space and
time

4 between production and detection
points there is a moving matter
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QFT of neutrino oscillations in vacuum

What do we want to compute in QFT?

An example:

x'd

x's

}

}

}

}

I s

νj

W

W

Σ
i=1

N

Fs

Id

Fd

ℓα
+

ℓβ
−

+

+

xα

xβ

}

}

F's

F'd
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QFT of neutrino oscillations in vacuum

Amplitude

Aβα =

(−ig
2
√

2

)4
∑

j

∫

dxdx′dy′dy〈out|V ∗
βj Aj(x, x′, y′, y)Vαj |in〉,

(5)

with

Aj(x, x′, y′, y) = : J†ν
d (y)Wν(y) : : W †

ν′(y
′)ℓβ(y′)Oν′

νj(y
′) :

× : νj(x)O
µ′

ℓα(x)Wµ′(x′) : : W †
µ(x)Jµ

s (x) : .
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QFT of neutrino oscillations in vacuum

Details of calculations

Note: No usual QFT δ functions because of localized

space-time initial states in the source and the detector

I skip all details of how to take integrals:

Q—Q— Q— Q— Q— Q— Q
∏

a,b

∫

ψa(pa, xa)

∫

ψ∗
b (pb, xb)

∫

dx

∫

dx′
∫

dydy′
∫

dq0

∫

dq

in the amplitude |A|2 and give you the answer
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QFT of neutrino oscillations in vacuum

The event rate

dR = (2π)8
∫

dx

∫

dy
∑

s

∫

∏

ainIs

dpa

(2π)32Ea

fa(pa, sa;x)δs (pν −Qs) |Ms|2

×
∑

d

∫

∏

ainId

dpa

(2π)32Ea

fa(pa, sa; y)

∫

∏

binFs

dpb

(2π)32Eb

δd (pν +Qd) |Md

× D2

16π3L2

∑

ij

VαiVβjV
∗

αjV
∗

βie
−Ωj−Ω∗

i

∏

binFd

dpb

(2π)32Eb

. (6)

where D is a complicated function depending on kinematics. Its
physical meanining can be interpreted as uncertainty in

neutrino energy due to source and detector uncertaintes in
energy-momentum and

Ωj = i (EjT − PjL) +
D2

j

v2
j

(L− vjT )2 and pj = (Ej , Pjl).
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Event rate

Performing final integrations over emission time x0 we can
obtain the differential rate

dR
dy0

=

∫

dxs

∫

dyd

∫

[

∏

ainIs

dka

(2π)3

]

[

f
(

ki,xs, x
0
s

)]

×
∫

dp

(2π)3
f
(

p,yd, y
0
d

)

dΓ ({k}, {p},xs,yd)

One particle rate dΓ ({k}, {p},xs,yd)

distribution functions f
(

ki,xs, x
0
s

)

, f
(

p,yd, y
0
d

)
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Decode notations

dΓ ({k}, {p},xs,yd)

=

∫

dEq

[

dΓ ({k}, Eq)

L2 dΩq dEq

]

[Pmix (Eq,xs,yd)][dσ ({p}, Eq)].

[

dΓ({k},Eq)
L2 dΩq dEq

]

is the neutrino flux from source to detector at

distance L:

dEq

[

dΓ ({k}, Eq)

L2 dΩq dEq

]

=
1

L2

E2
q dEq

(2π)32Eq

[

∏

ainIs

1

2Eka

][

∏

a′inFs

∫

dka′

(2π)32Eka′

]

×
∑

spins

|Ms ({k}, Eq)|2 (2π)4δ4 (−ks + q)
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Decode notations

dσ ({p}, Eq) is the cross-section of massless neutrino in the
detector:

dσ({p}, Eq) =

1

2Eq2Ep





FD
∏

j′

dpj′

(2π)32Epj′





∑

spins

|MD ({p}, Eq)|2 (2π)4δ4 (pd − q)
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Decode notations

“oscillation probability“

Pmix (Eν ,xs,yd) =
∑

ij VαiV
∗
βiV

∗
αjVβje

−ϕij

with

the phase

ϕij =
2iπL

Lij
− 1

2

(

πa

DLij

)2

−
(

2πDL

EνLij

)2

,

and we have defined the usual neutrino oscillation length

Lij =
4πEν

∆m2
ij

(∆m2
ij = m2

i −m2
j ).
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Oscillation probability formula

with

standard phase 2iπL
Lij

2�
two new suppressing terms:

“coherence term“
(

2πDL
EνLij

)2

suppressing oscillations at large

distances

“fuziness term“ 1
2

(

πa

DLij

)2

suppressing oscillations in the

source and the detector if there is not uncertainty in
energy-momentum to handle interference.
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Oscillation probability formula

It is not possible to kill suppression of oscillations as it appears

as a balance of #

D2 + D2

#

an uncertainty in energy-momentum is neccasary to have an
oscillation like pattern

However the same uncertainy will destroy the oscillation like
pattern at large distance when neutrinos with different masses
will not overlap anymore in space and time

The oscillation formula can be rewritten as a sum of
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Oscillation probability formula

It is not possible to kill suppression of oscillations as it appears

as a balance of #

D2 + D2

#

an uncertainty in energy-momentum is neccasary to have an
oscillation like pattern

However the same uncertainy will destroy the oscillation like
pattern at large distance when neutrinos with different masses
will not overlap anymore in space and time

The oscillation formula can be rewritten as a sum of
non-coherent

Pαβ =
∑

i

|Vαi|2|Vβi|2 +
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Oscillation probability formula

It is not possible to kill suppression of oscillations as it appears

as a balance of #

D2 + D2

#

an uncertainty in energy-momentum is neccasary to have an
oscillation like pattern

However the same uncertainy will destroy the oscillation like
pattern at large distance when neutrinos with different masses
will not overlap anymore in space and time

The oscillation formula can be rewritten as a sum of
non-coherent and coherent (but with the suppression!):

Pαβ =
∑

i

|Vαi|2|Vβi|2 + 2
∑

i<j

|VαiV
∗

βiV
∗

αjVβj | cos(φij + ωij)e
−fij

with fij = 1
2

(

πa

DLij

)2

−
(

2πDL
EνLij

)2

is the suppression term.
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A numerical example for two flavours

Pαβ =
sin2 2Θ

2

[

1− e−f12 cosφ12

]

Pαβ

sin2 2Θ
as a function of L/Losc assuming D/Eν = 0.02

oscL/L
0 2 4 6 8 10 12 14 16 18 20

Θ2
2

si
n

β
α

P

0
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0.6
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1
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Examining the results

1 At L/Lij ≫ Eν/D the interference disappears:

Pmix =
3
∑

i=1

|Vαi|2|Vβi|2

2 Which velocity of neutrino is right:
−→ “standard“ QM :vi = vj = 1 or

−→ “refined“ vi =
√

E2 −m2
i /E)?

None of them! The most significant contribution comes with
an average velocity:

1

v
=

1

2

(

1

vi

+
1

vj

)
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A resume

An interference of massive neutrinos appears as an “oscillation of
flavour neutrinos“ at macroscopic distances only if the source
and the are localized (energy-momentum are spread)

The interference vanishes if the energy-momentum are spread is
too small or too large. It vanishes anyway at large distances

We find explicitely that the suppression depends on the reactions
of neutrino productions and detection, thus it is a process
dependent and not a universal function [I omit these details here]

Even if the interference disappears it does not mean that the
flavour transition is not possible, it is possible due to the fact
that massive neutrinos can produce any flavour of charged
lepton. However this transition will not have an oscillation like
pattern.
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GSI anomaly

A lot of details can be found in Section “Backup slides“

GSI found a time modulation of an exponential decay law of H
like nuclei praseodium 140Pr and promethium 142Pm with a
period (in lab frame) of 7 seconds:

dN

dt
= N(0)λ(1 + a cosωt)e−λt

this was interpreted as a result of neutrino interference in the β
capture p+ e→ n+ νe with nue being a superposition of
massive states:

dN

dt
= N(0)λ(1 + sin 2Θ12e

−(δq12)2 cos
∆m2

12

4Md
t)e−λt

with nice (even too nice!) agreement with solar and Kamland
data!
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GSI anomaly

How to understand it?

Assuming no experimental mistake and doing a summary of an
extensive discussion in the literature it appears that the
following question must be understood:

How to compute the rate?

P =
∑

f |Afi|2 or P = |∑f Afi|2?

An experiment at Berkeley does not confirm this
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