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Abstract

If we generate elimination from introduction rules, or, conversely, introduction
rules from elimination rules according to a general pattern, we often observe a
rise in level: To introduction rules that are just production rules, there corre-
spond elimination rules that discharge assumptions, and vice versa. In a pre-
vious publication we showed that this situation cannot always be avoided, i.e.,
that elimination and introduction rules cannot always be ‘flattened’. More pre-
cisely, we showed that there are connectives with given introduction rules which
do not have corresponding elimination rules in standard natural deduction, and
vice versa. In this paper we generalise this result: Even if we allow for rules of
higher levels, i.e. rules that may discharge rules used as assumptions, the level rise
is often necessary. For every level n we can find a connective with introduction
rules of level n, whose corresponding elimination rules must at least have level
n + 1, and a connective with elimination rules of level n, whose corresponding

introduction rules must at least have level n + 1.

1 Introduction

Within proof-theoretic semantics (Schroeder-Heister, 2012; Wansing, 2000), various
notions of harmony between introduction and elimination rules (in natural deduction),
or between right-introduction and left-introduction rules (in the sequent calculus) have

been proposed. The most common approaches in the natural-deduction framework

*This work was carried out within the French-German ANR-DFG project “Hypothetical Reasoning
— Its Proof-Theoretic Analysis” (HYPOTHESES) (DFG Schr 275/16-2). The question answered by
this paper was posed by Klaus Reinhardt, when the results of our first paper (Olkhovikov & Schroeder-
Heister, 2014) were presented at a colloquium at the Department of Computer Science of the University

of Tiibingen. We are also grateful to Thomas Piecha for many helpful comments and suggestions.
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proceed by presenting a general schema for elimination rules given introduction rules
of a certain form (Prawitz, 1979; Schroeder-Heister, [1984; Read, 2010; Francez &
Dyckhoft, 2012)E]. These schemas have the characteristic feature that they model the
rules for an arbitrary connective according to the rules for disjunction. Now the rules
for disjunction
[Ai] - [As]
Ay Ay AivVA, C C
AVAy  AVA, C

are of unequal level in the sense that the introduction rules are just production rules,

whereas the elimination rule discharges assumptions. Our question is, whether such
unequal levels can be avoided, i.e., whether elimination rules can be ‘flattened’ in that
they receive the level of introduction rules (the term ‘flattening’ has been proposed
by Read 2014)). That this is impossible in the case of disjunction (in intuitionistic
logic!) is not a real problem, as both introduction and elimination rules for disjunction
are perfectly sensible rules in natural deduction. However, when we consider connec-
tives, whose introduction rules discharge assumptions, the flattening problem becomes
significant, because it then turns into the problem of whether such connectives can
be represented in standard natural deduction at all. In our first paper on flattening
(Olkhovikov & Schroeder-Heister, [2014)) we proved that the three-place connective x
which has the introduction rules
[A1]
e A, )
*(Aq, Ag, A3)  *(Aq, Ag, As)

cannot be given elimination rules in standard natural deduction, i.e. that the flattening

problem for x has a negative solution?} This means that we cannot proof-theoretically
characterise x by introduction and elimination inferences without presupposing any
other connective. Of course, if implication and disjunction are already available, then
* can be trivially characterised by explicitly defining it by (A; — Ay) V A3, or, equiva-
lently, by giving it the introduction and elimination rules

(A1 — Ag) V Az *(Aq, Ay, A3)

*(Aq, Ag, A3) (A — Ag) V As

Even though x cannot be proof-theoretically characterised in standard natural deduc-

tion, it can be characterised in an extension of natural deduction, in which not only

Won Kutschera (1968) was the first to propose such a general schema, but in the framework of a
sequent calculus. His schema can easily be carried over to natural deduction.

2A connective with the introduction rules of x is already mentioned in Zucker and Tragesser (1978).
Related connectives have been discussed by von Kutschera (1968), Dyckhoff (2009, 2014]), Schroeder-
Heister (2014b|) and Read (2014). However, none of these papers provided a formal proof that the
flattening problem has a negative solution for the connective considered.
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formulas, but also rules can figure as assumptions which can be discharged (Schroeder-

Heister, (1984). In such a framework the elimination rule for  takes the form
[Al = AQ] [Ag]

*(Al,AQ, Ag) C C
C )

(x E)

where the bracketed A; = As means that in the corresponding derivation of C' the rule

A
Ay

may be used as an additional assumption which is discharged at the application of
(x E).

A similar phenomenon occurs when we start from eliminations and try to formulate
a general schema for introductions, even though this approach is not very common (see
Prawitz, 1971, 2007, Dummett, 1991, Ch. 13; Schroeder-Heister, [2014a). If we start

from modus ponens

Al — A2 Al
Ay

as the elimination rule for implication, we can generate implication introduction
[Ai]
Ay
Al — A2
by turning minor premiss and conclusion of the elimination into assumption and pre-

miss, respectively, of the introduction. This follows a uniform procedure, by means of

which we would, for example, for a four-place constant ¢; with the elimination rules

Cl(A1:A2>A3>A4) A A Cl(A17A27A37A4)
Ag A4

generate the following introduction rule
[A1, Ao

A, A
CI(A17 A27 A37 A4)

However, whereas the rules for — and ¢; do not exceed the expressive power of stan-

dard natural deduction, the three-place connective o with the single elimination rule

[A1]
O(Al,A2,A3) Ay (2)
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would do so. As shown in Olkhovikov and Schroeder-Heister (2014, §4), it cannot
be given an introduction rule in standard natural deduction, if we do not presup-
pose other connectives. (In terms of implication, o would, of course, be definable by
(A — Ay) — As.) If flattening now means that the level of the introduction rules equals
(or is below) the level of the eliminations rules, then o with as elimination rule is
a counterexample to flattening.

Again, in an extension of natural deduction, in which rules can be assumptions,

there is an appropriate introduction rule for o, namely the rule

[A] = A5
As (3)
o(Ay, Ay, As)

In this paper we deal with this question from a more general point of view. As soon
as we have introduced rules as assumptions, we can characterise further connectives by
means of this general device. For example, we could give the four-place connective %o
the introduction rules

[A; = Aj]

As Ay (4)
,o(Ay, Ag, Az, Ay)  *2(Ar, Ag, As, Ay)

(%2 1)

and ask for the means of expression needed for appropriate elimination rules for x,. Or

we might consider the four-place connective o, with the elimination rule

[Al = AQ]
02<A17A27A37A4) A3
Ay

(02 E)

and ask for the means of expression needed for appropriate introduction rules for os.
Are there elimination rules for x, or introduction rules for oy using rules of the form
By,...,B,, = B as assumptions, or do we need even further means to formulate ap-
propriate elimination rules for x5, and introduction rules for 05?7 In other words, we are
carrying over the flattening problem to a higher level. The purpose of this paper is to
show that the flattening problem has always a negative solution. At any level n we
can find a connective x, with given introduction rules, for which there is demonstrably
no appropriate set of elimination rules at the same (or lower) level, and a connective
o, with given elimination rules, for which there is demonstrably no appropriate set of
introduction rules at the same (or lower) level.

In Section 2 we define the extension of natural deduction with rules of higher levels
and show that higher-level-rules correspond to conjunction-implication formulas of a
certain form. This correspondence is essential to our technical work. Section 3 presents
general schemas for introduction and elimination rules for an n-place (intuitionistic)

connective, and defines what it means that introduction and elimination rules are
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in harmony with each other. This definition uses the framework of second-order in-
tuitionistic propositional logic that we already used in our first paper (Olkhovikov &
Schroeder-Heister, 2014), and which, as a ‘reductive’ approach to harmony, is discussed
in Schroeder-Heister (2014c|). Based on these definitions, we can formulate our main
result, the generalised non-flattening claim for x, and o,. We reduce the proof that
*, and o, do not have harmonious elimination and introduction rules, respectively,
which are of the same (or lower) level than their introduction and elimination rules to
characteristic properties of certain formulas, called n-introduction and n-elimination
formulas. In Section 4, which is the main technical part of this paper, we present the
(somewhat intricate) formal proof that these formulas have the desired characteristic
properties, which is an investigation in intuitionistic propositional logic. Section 5 is a

concluding discussion of our results.

2 Higher-level rules

We work in the language L of an intuitionistic natural deduction calculus with propo-
sitional variables p, q,r, ..., with and without indices. The connectives available, from
which formulas are composed, may be the standard connectives A,V,— and L or a sub-
set thereof, but also n-place connectives yielding formulas of the form c(Ay, ..., A,).
From the context it will always be clear, which connectives are considered. We use
capital Latin letters A, B,C, ..., with and without indices, for formulas. Besides for-

mulas, we have rules as separate entities. They are written linearly using the ‘rule

arrow’ =-. The rule which allows one to pass over from A;,..., A, to B is written
as Aq,..., A, = B. In addition to rules as objects we shall define schemas for the
application of rules. Such a schema tells what it means to apply a rule. For example,
the schema

A .. A

“Ay,...,A, = B
B

says that by applying the rule Aq,..., A, = B, we may pass from A,..., A, to B.
By means of such schemas we explain what a derivation looks like. However, we
often identify a schema with the rule applied in it. For example, we speak of the
V-introduction rule

Ay
AVA,y

where we actually mean the rule A; = A;V Ay which is applied according to the schema

Ay
AVA,y

A = A VA

The duplicity of rules and schemas might be confusing. In standard natural deduction

we can dispense with it by identifying rules with schemas throughout. But at soon as
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we want to use rules as expressions that we can assume and discharge, we need both
rules as objects and schemas which tell one how rules are applied [’

We do not consider rules that allow one to infer rules, which means that rules can
have only formulas as conclusions. For higher-level rules this has the effect that the rule
arrow can only be iterated to the left, and that proper rules (i.e. rules which are not
just formulas) only occur as assumptions and never as conclusions. This is essentially
a matter of convenience, as rules as conclusions can easily be introduced by means of
certain additional schemas. Philosophically, the idea that rules are always applied and
never established, is nearer to the very idea of a rule and makes a rule distinct from an
implication, which may have consequents which are themselves implications (see the
discussion in Schroeder-Heister, 2014a).

In the following, when we say of formulas or rules that they are of maximum degree
or mazimum level n, we mean that the degree or level of these entities does not exceed
n, but that n is reached by at least one of them. Rules of higher-levels are then defined

as follows:

Definition 1.
e Fvery formula A is a rule of level 0.
e If Ry,..., R, are rules of mazimum level {, then (Ry,...,R, = A) is a rule of
level {+1. Ry, ..., R, are called the premisses, and the formula A the conclusion

of the rule. Parentheses can be omitted, when no misreading is possible.

A rule is assumed in a derivation by using it in the following way. This usage may
itself discharge previous applications of other rules. If the rule is a formula A, then it

is assumed by means of the schema

714. (5)

The subsequent derivation then depends on the rule A as an assumption. If it is of the

form Aq,..., A, = B, then it is assumed by applying it according to the schema

uAl,...,An:»B (6)
B .

The subsequent derivation then depends on the rule Ay, ..., A, = B as an assumption.
If it is of the form (A; = Ay),..., (A, = A,) = B, where each A; stands for a list
of rules (which may be empty, in which case A; = A; is identified with A;), then it is

applied according to the schema
[Ad] [An]

7
4 B An(A1=>A1),...7(An:>An):>B ()

3In Schroeder-Heister (1984) a system with rules of higher levels was defined in which rules do not
enter derivations as objects but can be reconstructed from proof trees. Here we are treating rules as
formal objects which occur in proofs. The reader might consider the more detailed presentation in
Schroeder-Heister (2014a)), where in addition propositional quantification in rules is considered.
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The subsequent derivation then depends on the rule (A; = Ay),..., (A, = A,) = B
as an assumption, while the rules in the A; above this rule application can be discharged
(as indicated by the brackets), so that the subsequent derivation no longer depends on
them. Schema is understood as covering and @ as limiting cases.

A derivation is generated by applications of (7). If the undischarged assump-
tions on which a derivation of a formula A depends, are among Ry,..., R,, we call
it a derivation of A from Ry,...,R, and say that A is derivable from Ry,..., R,,
symbolically Ry, ..., R, A. For example, the following derivation demonstrates that
(A= B)=D),((B,D)=C),((A=B)=C)=E),(B=FE)= F)FF:

7[14](1)
A 4= o
f[B](s) (1)%@4 = B)=D
B,D=C
(2)£((A:>B) =C)=FE
(3)%(B = E)=F

The numbers indicate which assumptions are discharged at the application of an infer-
ence. Note that this derivation is purely structural. We are not working in a formal
system in which specific primitive rules are available. Conceptually this corresponds,
for example, to a derivation of A from A, B,C in standard natural deduction, which
can be obtained without any specific primitive rule of inference. In fact, it just consists

of the assumption A being derived from itself, notated as
A,

which in our notation corresponds to . By incorporating the idea of assuming and
applying a rule into the apparatus of deduction, higher-level rules present a much
richer structural framework than natural deduction, where one essentially just has the
assumption of formulas. If instead we use a sequent-style framework, the structural
apparatus is of course more fine-grained due to the availability of structural rules
such as thinning and contraction. There, too, rules of higher levels provide additional
structural means of expression that go way beyond what is available in the standard
context (see Schroeder-Heister, |1987)).

The notion of a derivation in a formal system K can now be defined as follows. If
a certain set of rules is specified as the set of primitive rules of the system K, then a
derivation of B from rules Ry, ..., R, in K is a derivation (simpliciter, i.e. in the sense
defined in the previous paragraph), such that every rule on which B depends, is either
a primitive rule of K or occurs in Ry,...,R,. We say that B is derivable from rules
Ry,..., R, in K, if there is a derivation of B from Ry,..., R, in K, formally written
as Ry,..., R, gB. In this case we also say that the rule R,,..., R, = B is derivable
in K.
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As a typical example, consider the system K,,, in which every rule of the
form A— B, A = B (i.e., modus ponens) is primitive. Then the higher-level rule
A—B,((A= B) = () = C is derivable for every C in K,,,, as the following deriva-
tion shows:

A—-B — AW
A%Blg A 4B A= B

(1)?(A:>B):>C

Here, the rule enclosed in angle brackets (...) is a primitive rule of K,,,. Thus
A—B,((A= B) = (O)kk,,C.

Conversely, if for every C' the rule A— B, ((A = B) = C) = C is primitive in a
system K}, then the rule A— B, A = B is derivable in Ky, i.e., A— B, At g, B:

—A

A
A—-B —[A= B|®
wA4=B — B A-B, (A= B)= B) = B)

This shows that modus ponens and the schema A— B, ((A = B) = C) = C are
equivalent (in the second derivation we have used an instance of the schema with
B substituted for C'). The content of the latter rule becomes clearer, if we write it in

two-dimensional schema notation:
[A = B]

A—B C
C

This is the generalised higher-level elimination rule for implication which is framed
according to the model of V-elimination and is equivalent to modus ponens.

The structural system with higher-level rules in a language L can be embedded
into conjunction-implication logic in the following sense. Let L, ) be the language
resulting from L by adding conjunction and implication as connectives. If L contains
already conjunction and implication, then L and L ) are identical. We translate
higher-level rules R and lists I" of higher-level rules into L, _,)-formulas R/ and T/

in the following obvious way:
Definition 2.

o A=A, if Ais a formula.
e (Ry,...,R, = A) = R{/\.../\th—>Af07“arule Ry,...,R, = A.
e IV := RIA.._AR!, if T is the list of rules Ry, ..., Ry.

For example, suppose L contains 1, V, and — . Then the rule AVB = BVA is trans-
lated into the the formula (AVB)— (BVA), the rule A— 1, AVB = B is translated
into the formula ((A — L)A(AVB))— B, and the rule (A = B) = A) = A is trans-
lated into the formula ((A— B) — A) — A.
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Let K(xr—) be the system, which, for formulas A, B in Ly ), has the standard

rules for conjunction and implication as primitive rules:

A, B = AANB ANB= A AANB =B
(A= B)= A—B A—-B,A=B.

Then in K5,y we can show that for any rule R

R R/, (8)
and, more generally, for any list of rules I',

I -1/ (9)

holds, where, as usual, the derivability of a list means the derivability of each of its
elements. Thus, technically, the calculus with higher-level rules can be viewed as a
notational variant of conjunction-implication logic. However, foundationally, the idea of
rules of higher levels is considered the primary concept. In this paper the translation by
means of and @D allows us to use results established for intuitionistic propositional
logic as results about the expressive power of higher-level rules.

Conversely, we can embed conjunction-implication logic into the system with higher-

level rules over L. We first define a left-iterated conjunction-implication formula:

Definition 3.

e Euvery propositional variable p is a left-iterated conjunction-implication formula
of degree 0.

o If By,...,B, are left-iterated conjunction-implication formulas of maximum de-
gree L, then (BiA ... AB,) —p is a left-interated conjunction-implication formula
of degree ¢ + 1.

e Any conjunction BiA...A\B, of left-iterated conjunction-implication formulas
By, ..., B, of maximum degree { is a left-iterated conjunction-implication for-

mula of degree £.
Left-iterated conjunction-implication formulas are translated directly into rules and
lists of rules:

Definition 4.

e p" :=p for propositional variables p
e (BiA...AB,) — p)":=Bj,...,B, =p
e (BiN...AB,)" :=Bj,...,B’.

For left-iterated conjunction-implication formulas C' we can, in analogy to and @D,
show that

CH-cr
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holds in K(,_,). Any conjunction-implication formula B, i.e., any formula B only con-
taining conjunction and implication, can be transformed into a (uniquely determined)
equivalent left-iterated conjunction-implication formula B’ by iterating the following

rewrite instructions until an irreducible formula is reached:

e Replace any subformula of the form C — DA ...A\D,, with
e Replace any subformula of the form C'— (D — E) with (CAD) — E.

The degree of a conjunction-implication formula B is defined as the degree of the
left-iterated conjunction-implication formula B’ associated with it. Thus for any

conjunction-implication formula B we have
B -+ B". (10)

As is closed under substitution, we can extend this translation to arbitrary sub-
stitution instances of conjunction-implication formulas in L, ). If a formula A of
Ly (n—) is given as a substitution instance Bo of a conjunction-implication formula B
for a substitution o, we can translate A into the rule B"o.

Note that this translation from formulas A to rules B¢ is not deterministic, as it
depends on the choice of the conjunction-implication formula B and the substitution
o. For example, a formula (A4;1VAs) — (A3A(As — As)) can be viewed as a substitution
instance of the atom p, or of the formula p— ¢, or of the formula p — (p3A(ps— ps)),
etc. Depending on which formula is chosen, a different translation is obtained: In the
first case it is translated into itself conceived as a level-O-rule, in the second case it is
translated into the rule A;VA; = A3A (A4 — As), in the third case it is translated into
the two-element list of rules (A4;VAy = A3), (A1VAy, Ay = As).

The transition from rules to formulas is deterministic, since, when we start with
rules, all rule arrows are replaced with implication signs and all commas by conjunction
signs. However, when we start with formulas, it is not determined whether an implica-
tion or conjunction sign remains part of a formula or becomes a rule arrow or comma.
If the language L. (s ) does not contain any connective beyond conjunction and im-
plication, we can always choose A" to be the unique translation of A into a rule or list
of rules. This translation will be used in our definition of harmony and in our Main
Theorem in Section 3. It represents the link between our formal exposition in Section 4,
which uses the formalism of intuitionistic propositional logic, and our results about the
forms and levels of rules. If we define the degree of A to be the (uniquely determined)
degree of A’, the degree of A is identical to the level of the rule A. If the formulas in
a rule R contain implications, then the degree of R/ can be greater than the level of R.
In fact, (R/)" is not necessarily identical to R, whereas (A™)/ is at least identical to
A’. For example, ((p1 = (p2—p3))?)" = (pr— (p2—p3))" = (p1,p2 = p3), whereas
((p1 = (P2 = ps))" ) = (p1AP2) = ps = (p1 = (P2 = p3))'-
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3 Harmony and Main Theorem

Various definitions of proof-theoretic harmony exist in the literature. Most definitions
start from given introduction rules or (more rarely) from elimination rules and define
harmony when the correponding elimination or introduction rules, respectively, relate
to the given rules in a certain way. We instead propose to define a notion of harmony
which applies to given introduction and elimination rules rather than starting from
one of these two kinds of rules. We first define what an introduction and elimination
rule should look like and then set up a criterion according to which a given set of
introduction rules and a given set of elimination rules for a connective ¢ are in harmony
with each other. In our definition of harmony, we do not hesitate to use standard
propositional logic. This is not circular as we are not aiming at justifying the rules
for the standard connectives, but want to establish a general technical result about
the possible forms of introduction and elimination rules. Our approach is therefore
‘reductive’ rather than ‘foundational’ in the sense of Schroeder-Heister (2014c). For a
foundational approach where harmony is directly defined in terms of rules rather than
formulas representing them see Schroeder-Heister (2014a).

As the general schema of an introduction rule for ¢ we propose the following:

(1] (']
) A v

where the I'; are (possibly empty) lists of rules, which can be discharged at the appli-
cation of (¢I). In the premisess of this schema no schematic letters beyond Ay, ..., A,
are allowed to occur. As a limiting case we allow for ¢ = 0 (which covers the case of
the truth constant T). Analogous schemas have been proposed and discussed by von
Kutschera (1968)), Prawitz (1979)), Schroeder-Heister (1984) and Francez and Dyckhoff
(2012). We do not consider the case where the I'; and B; contain connectives already
defined, as the formal results of our paper concern the relationship between introduc-
tion and elimination rules for connectives characterised independently. The choice of
this schema for introduction rules is quite plausible: It allows for any list of higher-level
rules as conditions for the introduction of c.

Since we assume that conjunction and implication are already available, we may, in

view of the fact that rules and lists of rules can be expressed by implications (see ({)

and (9)), equivalently replace with the rule

(T = ADA .. AT = Ay)

(12)
C(Al, N ,An)

If the level of is k + 1, then the degree of the premiss of is k. Slightly more

generally, in view of the translation from formulas to rules , we can assume that
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an introduction rule of level k + 1 is propositionally represented by a rule of the form

B

c(A,..., Ay (13)

where B is a conjunction-implication formula of degree k£ in which no schematic letters
beyond A4, ..., A, occur.

As the general schema of an elimination rule for ¢ we take the following:
4] ]
c(Ay,...,A) By ... By (14)
C )

(cE)

where the T'; are (possibly empty) lists of rules. ¢(Ay,...,A,) is called the major
premiss of (c E), and the remaining premisses are called the minor premisses of (¢ E).
We allow for ¢ = 0, in which case minor premisses are lacking. We do not impose any
restrictions on the schematic letters occurring in (¢ E). They may (and will normally)
comprise Ay, ..., A,, but any number of schematic letters beyond A, ..., A, may be

present. This generalises the fact that in elimination rules such as V-elimination

[A1]  [A9]
AV A, C C
C

the additional schematic letter C' is used as minor premiss and conclusion. The choice
of as elimination schema is quite plausible: We should be able to choose anything
whatsoever as possible consequence of ¢(Ay, ..., A,), which means that the minor pre-
misses and the conclusion should not be constrained in any way.

Using the propositional translation of rules (see (8),(9)), we can translate as
follows:

c(Ay,...,A) (T =B)A ... ATI=B)
C

(15)

More generally, we can propositionally represent an elimination rule of level d + 1
by

C(Al,...,An) B

C
or
C(Ah s 7An) (16)
B—C

where B is a left-iterated conjunction-implication formula of degree d and where, as a

limiting case, B can be lacking, in which case B — C' is just C.
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Suppose for ¢ a list ¢Z of introduction rules of the form and a list ¢& of elimi-
nation rules of the form ([14) are given. Passing to their propositional representations

and , we suppose that m introduction rules

B B (17)
C(Al,...,An) C(Al,...,An)
and £ elimination rules
C(Al,...,An) C(Al,...,An) (18)
Dy —Cy Dy — Cy
are given. Since introduction rules are understood disjunctively, we may compress
to
Byv...VB, (19)
C(Al,...,An) .

The disjunction B,V ...VB,, is called the introduction meaning ¢’ of c. Since elimina-
tion rules are understood conjunctively, we may compress (18] to
C(Al, c. ,An)

As these schematic letters occur only in the conclusion, we may equivalently write

c(Aq,..., Ay)
W((Dl — Cl)/\ e /\(Dk — Ck))

(20)

where the quantifier VV is wunderstood as binding all schematic let-
ters in  (D; = C)A...A(Dy—Cy)  except Ay, ..., Ayf] The formula
W((Dy — C)A...AN(Dy— Cy)) is called the elimination meaning c® of c¢. For
example, in the case of disjunction, this rule becomes

AV B
VC(A—=C)N(B—=(C))—C)

with VC(((A— C) A (B —C)) — C) being the elimination meaning of disjunction. If

we consider a biimplication = with the general elimination rules

[B] [A]
A=B A (C A=B B (C
C C
then takes the form
A=DB

VC(((AN(B—=C))—=C)AN((BANA—C))—C))

4Note that for simplicity we here use schematic letters as variables over which we can quantify. If

we wanted to be absolutely precise, we should use propositional variables for that purpose.
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with VC(((AAN(B— C)) = C) A ((BA(A— C)) — C)) being the elimination meaning of
=. For further examples see Schroeder-Heister (2014c]).

Now we can define our notion of harmony in terms of the propositional represen-
tations of the introduction and elimination rules for ¢. We simply say that proposed
introduction and elimination rules for ¢ are in harmony with each other, if introduc-
tion and elimination meaning of ¢ according to these rules match, i.e., if ¢! and c¥ are

equivalent in second order intuitionistic propositional logic.

Definition 5.
Suppose a list <L of m introduction rules for c¢ of the form , and a list c€ of
k elimination rules for ¢ of the form are giwen. Suppose their propositional re-
presentations are and . Then BV ...VB,, is called the introduction meaning
c' of ¢, and W((Dy— Cy)A ... N(Dy, — Cy)) is called the elimination meaning c¥ of c.
cZ and c€ are in harmony with each other, if introduction meaning ¢ and elimi-

nation meaning c® match, i.e., if
P ie., BiV...VB,, A= W((D;— C)A...N(Dy— Cy))

where - denotes interderivability in second-order intuitionistic propositional logic.

If ¢Z and c£ are in harmony with each other, then from and it follows
immediately that c(Ay,...,A,) 4F ¢! as well as ¢(Ay,..., A,) " ¢, where - de-
notes interderivability in second-order intuitionistic propositional logic extended with
introduction and elimination rules for ¢. This means that c is explicitly definable in
this logic both by ¢! and by ¢”. For a detailed discussion of this and other features of
our notion of harmony see Schroeder-Heister (2014c)). For a corresponding notion of
harmony which does not rely on second-order propositional logic but uses quantified
rules instead, see Schroeder-Heister (2014a)).

Using this definition we will show that given introduction rules of maximum level
d+ 1, i.e., with the formulas B; in of maximum degree d, there are not always
elimination rules of level d + 1 or below, i.e. with the formulas D; in ((18) of level d or
below. For each d we will give a connective x; with two introduction rules in such a
way that Bj is of degree d and B, of degree 0. We then show that for any matching
W((Dy — C)A ... AN(Dy, — Cy)), the formula (D — Cy)A ... A(Dy, — Cy) must at least
be of degree d + 2, i.e. some D; must at least be of degree d + 1. This means that
a level increase when passing from introductions to harmonious eliminations cannot
be avoided in this case. Conversely, for each d we will give a connective o; with a
single elimination rule of level d 4 1, i.e. with the formula D; in of level d, such
that for any matching B,V ...VB,,, at least one formula B; must at least be of degree
d + 1. This means that a level increase when passing from eliminations to harmonious
introductions cannot be avoided in this case.

Thus we can formulate our central result.
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Main Theorem

(i) For every d, there is a connective x4 characterised by a set of introduction rules
such that the following holds: The introduction rules for x4 are of mazimum level d+1,
but every set of elimination rules which is in harmony with the given set of introduction
rules, contains at least one rule of level greater than d + 1.

(ii) For every d, there is a connective o4 characterised by a singleton set of elimi-
nation rules such that the following holds: The elimination rule for og is of level d+ 1,
but every set of introduction rules which is in harmony with the given elimination rule

contains at least one rule of level greater than d + 1.

Proof. We show that the theorem can be reduced to two theorems about formulas
in intuitionistic propositional logic, which do not mention rules. These two theorems,
which correspond to (i) and (ii), will be proved in the next section. A disjunction
BV ...VB,, of conjunction-implication formulas is called a d-introduction formula, if
the disjuncts are of maximum degree d. In view of the propositional representation
of introduction rules a d-introduction formula corresponds to a set ¢Z of introduction
rules for a connective, whose maximum level is d + 1. A formula of the form VVB,
where VV binds all variables beyond py, ..., pgse1 is called a d-elimination formula, if
B is of degree d. In view of the propositional representation of elimination rules
a d-elimination formula corresponds to a set c£ of elimination rules for an n-place
connective, whose maximum level is 1 if d is 0, and d if d > 0. (An elimination rule
can never be of level 0, as it has at least one premiss, namely the major premiss.)

(i) According to Theorem 1 of the next section, for every d > 0 there is a d-
introduction formula Fjy, which is not intuitionistically equivalent to any (d + 1)-
elimination formula. The formula Fj; has the form (p; — ... = pgy1) V Par2, where
the implications are bracketed to the left, i.e. Fy is p1Vpa, Fi is (p1—p2) Vs, F
is ((p1 = p2) = p3) V pa, ete. This means, there is a corresponding connective %4 with
introduction rules of maximum level d + 1, for which there is no set of harmonious
elimination rules of level d 4 1 or below. The connective 4 is (d + 2)-ary, with the two

introduction rules

(... A= ...) = AJ

Ady Adyo
*q(A1, ..., Agio) *xq(Aq, ..., Ageo)
Hence %g has the introduction rules
Ay Ao

*0(A1, A2) *0( A1, A2)
and is thus equivalent to disjunction, x; has the introduction rules
[Ai]
Ay As
*1(A1, Ay, As) *1(A1, Az, A3)
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and is thus the three-place connective %, for which we demonstrated the non-flattening
result in Olkhovikov and Schroeder-Heister (2014)), xo has the introduction rules

[Al = AQ]
Ag A4
*2(A1, Ay, As, A4) *2(141, Ay, As, A4)

Y

*3 has the introduction rules

[(Al = AQ) = Ag]
Ay As
*3(141,142,1437144,145) *3(A1,A2>A37A4,A5)

etc.

(ii) According to Theorem 2 of the next section, for every d > 0 there is a (d + 1)-
elimination formula G4, which is not intuitionistically equivalent to any d-introduction
formula. The formula G4 has the form (p; — ... — pgi2), where the implications are
bracketed to the left, i.e. Gq is p; — p2, G118 (p1 = p2) — p3, G2 is ((p1 — p2) = p3) — pa,
etc. This means, there is a corresponding connective o; with an elimination rule of
level d + 1, for which there is no set of harmonious introduction rules of level d + 1 or

below. The connective o, is (d + 2)-ary, with the elimination rule

(...4 = ...)= A4
Od(Ala e 7Ad+2) Adt

Adi

Hence oy has the elimination rule

OO(Ab Az) Ay
Ay

and is thus equivalent to implication, o; has the elimination rule

[A4]
01(A17A2>A3) Ay
As

and is thus the three-place connective o, for which we demonstrated the non-flattening

result in Olkhovikov and Schroeder-Heister (2014)), oo has the elimination rule
[Al = AQ]
oq(Ar, Az, Az, Ay) A
A4 )

o3 has the elimination rule
[(Al = AQ) = Ag]
Od(AlaAQaA3aA4aA5) A4
A5 )
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etc. O

The following section is devoted to the proofs of Theorem 1 and Theorem 2. It
pertains to the background of higher-level rules in the way just described, and is, of
course, inspired by it. However, the results proved are formally independent of this
background and deal with the expressive power of conjunction-implication formulas in

(second-order) intuitionistic propositional logic.

4 Theorems on definability by n-elimination and n-introduction
formulas

We assume the language L of intuitionistic propositional logic based on a countable set
Var of propositional variables and the set {A,V,—, L} as the set of basic connectives.
Lx,—y and L_, stand for the fragments of this language in their respective restricted sets
of connectives. Unlike the languages considered in the previous section, our language
here does not contain additional logical constants beyond the four basic connectives.
Later, in the definition of n-elimination formulas and the proof of Theorem (1, we will
also consider universal propositional quantification.

Let us introduce some notation. We will use notation A; — ... — A,, for the chain
of implications assuming that the parentheses are grouped to the right, i. e. that, for
instance, A; — As — Aj stands for A; — (Ay — A3). Every A € L_, is of the form
By — ... —» B, — p, for the unique By,..., B, € L, and p € Var. In this case we
will call p the consequent of A and write p = Con(A); we will also call {By,...,B,}
the set of antecedents of A and write Ant(A) = {By,..., B,}. We assume Ant(p) = &
for p € Var so that Con and Ant are defined for every A € L_,. This means that
sometimes we will write e.g. A — B allowing that A is empty, that is to say, that
A— B=B0B.

Next we define the degree d(A) for a formula A € L_,. We do this by the following

induction on the complexity of A:

d(A) =0, if Ant(A) = &;
d(A) = mazx({d(B) | B € Ant(A)}) + 1 otherwise.

This definition adapts our earlier definition of a formula degree to the setting of L_,. It
is easy to see that d(B; — ... — B, — p) is equal to the degree of (B1A...AB,) — p
according to Definition

We let K (possibly with various subscripts and/or primes) stand for a finite set of
formulas. One can extend the notion of degree onto the finite sets of formulas in L_,

in the following natural way:

d(K) =max({d(A) | A€ K}) (21)
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We also let K|; stand for the restriction of K to the set of formulas not exceeding

the given degree 7. That is to say, we define:
K|;={Ae K |d(A) <i}.

We denote the set of subformulas of a formula A by Sub(A) and we extend this

notation onto the finite sets of formulas in the following way:

Sub(K) = |_J{Sub(A) | A € K}.

Finally, for {A,...,A,} € L, and p € Var we set

Imp({As,...,An},p) = {Arq) = ... = Azn) = p| ™ — permutation on {1,...,n}}.
Of course, all the formulas in Imp({Ay,...,A,},p) are intuitionistically equivalent.

Lemma 1. For every A € L, ) there are formulas By, ..., B, € L_, such that A is

intuitionistically equivalent to By N\ ... N\ B,,.

Proof. We prove the lemma by induction on the number £ of logical connectives in A.

Basis. If k = 0, then A = p for some p € Var, therefore, we set n := 1 and

By :=p=A.
Induction step. If K = m + 1, then we consider two cases:
Case 1. A = Ay N A By induction hypothesis, there are

Ci,...,C.,Dy,...,Dy € L_, such that the following biconditionals are intuitionisti-
cally valid:

Ao CLA...AC, (22)

Ay < Dy A ..., ADq (23)
Then, of course, A is intuitionistically equivalent to

CiAN...NC, AND; A ..., AD,

and we are done.
Case 1. A = Ay — A;. Again, applying induction hypothesis, we get that A is

intuitionistically equivalent to
(CyN...ANC) = (Dy A ... ADy)

for appropriate Cy,...,C,, Dy,..., Dy € L_,. Then we get the following chain of intu-

itionistically valid biconditionals:

Ao (CrN. NCY) = (Dy Ao ADy)
> (C—...=5C—>D)N...N(CL— ... > C. — Dy)

Since the last formula in this chain is a conjunction of formulas in L_,, we are done. [
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If A is intuitionistically valid, we will write = A. Lemma [I| shows that one can
extend the notion of degree onto L, _,). However, it is not quite unproblematic to
define e. g. that

d(A) = maz({d(By),...,d(B)}) | Bi,..., By € L, and = A < (BiA.. .AB)Y),

because, for instance p A ¢ is intuitionistically equivalent to both itself and
((p — p) = p) A q and the corresponding subsets of L_,, {p,q} and {(p — p) — p,q}
have different degrees. Luckily enough, the proof of our Lemma [1] actually yields a
deterministic algorithm which calculates for a given A € L, ) exactly one set of
conjuncts {B{},..., BA}. This algorithm is conservative over L_, in the sense that it
always calculates the set {A} if A € L_,. So we can assume the following definition for

arbitrary A € Ls )
d(A) = d({B{. ..., B}}).

Of, course, we can go one more step further, and assume the definition for arbitrary
finite K g L(A,a)-
For a finite K C L_, and natural i, j we define S;(K ) in the following way.

SJQ(K) = K| for every j. ;
S (K) = Kli;
SITI(K) = S (K)U
U{D — B € Sub(K)|;4+1 | Con(B) € Si(S;-H(K)\i U Ant(B))}U

U{D — B € Sub(K)|;41 | T C S (K)IC € Sub(K)|i
(C — C € Imp(T'UAnt(B),Con(B)))};

ST () = | Js5 ().

S(K) = U SY(K).

In the above defintions, D is allowed to be empty, that is to say, we might have
D — B = B. Thus, e.g. for arbitrary finite K C L_, and natural j:

SUK) = SY(K) = K.

We establish some further quick facts about this new notion:

Lemma 2. All of the following are true about arbitrary finite K C L_,:
(a) For every natural i, SY(K) C Sub(K)|; and hence is finite. —Therefore,
S(K) C Sub(K) and is finite.
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(b) If K C K, then for every natural i, S*(K) C S*(K’).

(¢) For all i,j and k, if i < j, then SF(K) C SF(K).

(d) Ifi < j, then for any natural k, Si(K) C Si(K); in particular, S'(K) C S7(K).
(¢) For arbitrary K' C S(K) there are some natural i, j, such that K' C Si(K).

Proof. (a) and (b) are immediate from the definition, and (c) follows by an obvious
induction.

We show (d) by induction on j.

Basis-1. For j = 0 we have i = 0 = j so Si(K) C S}(K) is immediate for arbitrary
K.

Induction hypothesis-1. Assume that for all K and for all j < r it is true that if
i < j, then for any natural k, Si(K) C SJ(K); in particular, S*(K) C S7(K).

Induction step-1. Let j = r + 1 and choose some finite K C L_,. We show that
Si(K) C S{(K) by (another) induction on k. If i = 0 then clearly

Sk(K) = Ko € K|; = Sj(K) € S{(K),

for arbitrary natural k£ and we are done. So we will be assuming that ¢ = t+ 1 for some
natural ¢.

Basis-2. For k = 0 we have the inclusion
SH(K) = K|; C K|; = S)(K)

by the assumption that ¢ < j and the definition of K/,.

Induction hypothesis-2. Assume that for k < s it is true that Si(K) C S (K).

Induction step-2. Let k = s+ 1. Now, assume that A € Si(K) = S (K). We will
show that A € S(K). Three cases are possible:

Case 1. A € S™Y(K). Then, by TH-2, A € ST*(K) C STT(K) = S}(K) and we
are done.

Case 2. There is D — B € Sub(K)|1 such that A = D — B and
Con(B) € SY(SI™(K)|; U Ant(B)). Then, of course, A = D — B € Sub(K)|,41

and we also have the following inclusions:

S{HK) € S7HE) (24)
(by IH-2)

SHS™YK)|, U Ant(B)) C S*(SITHK)|, U Ant(B)) (25)
(from by (b))

t<r (26)
(fromt+1=i<j=r+1)

SHSITHK)| U Ant(B)) C S™(SITH(K)|: U Ant(B)) (27)

(from (25)), by IH-1)
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ST € ST, (25)
(from (26))

S"(S: (I U Ant(B)) € S7(STTHE)|, U Ant(B)) (29)
(from by (b))

SUSTHE)] U Ant(B)) € S™(STH(K)| U Ant(B)) (30)

(from , , and )

The inclusion (30) shows that Con(B) € S"(S"(K)|, U Ant(B)), which, in turn,
means that A € ST (K) = S{(K) and we are done.
Case 3. There is D — B € Sub(K)|i41 such that A =D — B and

ar € S K)3C € Sub(K)|11(C — C € Imp(T' U Ant(B), Con(B))).

Choose some appropriate I' and C. Then, of course, I' C S (K) C ST (K) by
[H-2 and C' € Sub(K)|;41 € Sub(K)|,4+1 by assumption that t + 1 =4 < j =r + 1.

Therefore, we have
ar € S"H(K)3C € Sub(K)|,41(C — C € Imp(I' U Ant(B), Con(B))),

which means that A= D — B € SI{{(K) = S7(K) and we are done.

Finally, we need to prove (e). Assume that K’ C S(K). Then, by (a), K’ is a finite
subset of L_,, say, K’ = {Ay,...,A,}. Then, by definition of S(K), one can choose
natural 7y, ..., 1, such that for every 1 <t < n it is true that A;, € S"(K). Then set
i := maz({i1,...,i,}). It follows from (d) that K’ C S*(K). Therefore, one can also
choose natural ji,..., 7, such that for every 1 < ¢ < n it is true that A;, € S;t(K)
Again, we set j := maz({j1,...,Jjn}) and it follows by (c) that K’ C S}(K). O

It follows from Lemma [2f that for every finite K the hierarchy of sets S;(K ) has a

fixpoint. More precisely, we have the following corollary:

Corollary 1. For arbitrary finite K C L_, there are some natural i, such that
S(K) = Sj(K) = S'(K).

Proof. By Lemma 2| (a), S(K) is its own finite subset, hence by Lemma [2| (e)
S(K) C S(K) for some i, j. We now have the following set of inclusions:

S(K) € Si(K) € S'(K) € S(K),
which completes the proof. O]

Further, we will need the following constructions on the set of intuitionistic models:
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I.If M = (W R, V) is an intuitionistic model and K C Var, then
M+ K = (W,R, V'), where for every p € Var and every w € W

peViw)e (peV(w)VpeK).

2. If for every 1 < i < n, M; = (W;,R;,V;) is an intuitionistic model,
W, N W; = @ for arbitrary 1 < ¢ < j < n, and w ¢ J]W;, then
Y(w, My, ...,.M,) = (W,R,V) is as follows:

(a) W = UL Wi U {uw}.
(b) R=U} R U{(w,v) | v e W}
() V=UVi

Lemma 3. For arbitrary A € L_, and finite K C L_,:
If Ae S(K), then K = A.

Proof. Indeed, if A € S(K), then A € S*(K) for some natural i. We will show that in
this case K = A by induction on 1.

Basis-1. Let i = 0. Then for an arbitrary K, if A € S°(K) = K|y then, of course,
K E A.

Induction hypothesis-1. Assume that for all K and for all i < k it is true that if
A€ SYK), then K | A.

Induction step-1. Let i = k + 1, and choose some finite K C L_,. We will show
that if A € S;?H(K), then for an arbitrary K, we have K |= A by induction on j.

Basis-2. Let j = 0. Then A € S¥™(K) = K|j41 and of course K |= A.

Induction hypothesis-2. Assume that for j < m it is true that if A € SJ’»““(K ), then
K E A.

Induction step-2. Let j = m + 1 and let A € St (K). Then three cases are
possible:

Case 1. If A € S**1(K), then we are done by TH-2.

Case 2. Let A= D — B € Sub(K)|4+1 and

Con(B) € S*(S*(K)|, U Ant(B)).
Now, by IH-1 we have that

SF(K)|x U Ant(B) = Con(B),
whence by deduction theorem we get

Sh ()l b /\(Ant(B)) — Con(B) (31)
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and further
S (K)|x = B

On the other hand, we know by TH-2 that for every C' € Sk (K) (hence for every
C € SEH(K)|,) we have

KEC. (32)
From and we get
K E B,

and, further,
KED— B=A.
Case 3. Let A= D — B € Sub(K)|+1 and
ar C SHHK)3IC € Sub(K)|ry1(C — C € Imp(T' U Ant(B), Con(B))).
Then, since we of course have that
EC—C,
we must, by deduction theorem, also have that
I'U Ant(B) = Con(B),
whence, again by deduction theorem, we get
I' = A\(Ant(B)) — Con(B),
whence, further
I'EB
and
I'eED— B=A.
Since we have, by IH-2, that
VE e '(K E E),
we finally get that
KEA,

which completes the proof. O
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Lemma 4. Let K C L.,. Then there is an intuitionistic model M(K) such that
A € Sub(K) is forced by the root of this model iff A € S*F)(K) .

Proof. By induction on d(K).
Basis-1. Let d(K) = 0. Then, for an arbitrary K, set M(K) := ({w}, {{w,w)}, V),

where
Vp € Var(w € V(p) & p € K).

Induction hypothesis-1. Assume that for every K C L_, such that d(K) < i there
is an intuitionistic model M(K) such that A € Sub(K) is forced by the root of this
model iff A € S¥H)(K).

Induction step-1. Let d(K) = i + 1. Then consider the set Sub(K). It can be

partitioned into three subsets as follows:
S ={A € Sub(K)| Aec ST (K)ACon(A) € S (K)|o};

Sy ={A € Sub(K) | Ae S (K)ACon(A) ¢ S (K)|o};
Ss={A € Sub(K) | A¢ ST (K)}.
Since S3 C Sub(K), it is finite, say S3 = {A1,..., A, }. Let 1 <m < n. We know that

d(Ant(A,)) < d(Ay) < d(K) =i+ 1.

Therefore, d(Ant(A,,)US™ ) (K)|;) <. It follows by IH-1 that there are intuitionistic

models
M(Ant(A;) U S”l(K)]i), ., M(Ant(A,) U S”l(K)\i)

such that for every 1 < m < n it is true that, if w,, is the root of
M(Ant(A,,) U S™(K)|;), then for every B € Sub(Ant(A,,) U S™(K)|;):

M(Ant(A,) U STHE)]), wm I B < B € S (Ant(A,,) U STHHE)]).

We now choose w which is not present in the set of worlds of M(Ant(A,,)US™(K)|;)

for any 1 < m < n, and set:
M(K) = 3(w, M(Ant(Al)US”l(K)\i), . ,M(Ant(An)USiH(K)L;))—i—S”l(K)\O.

Note that this construction ‘changes nothing’ for the worlds in the submodels of the
form M(Ant(A,,) U S™(K)|;) in the sense that for an arbitrary 1 < m < n and

®We can even assume, by the method of the proof given below, that the height of M(K) does not

exceed d(K), although this particular fact is not relevant to our main result.
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arbitrary world v € M(K), if v € M(Ant(A,,)US" " (K)|;), then for every intuitionistic

propositional formula A it is true that
M(K),vIF A e M(Ant(A,,) US™HEK)|),vIF A.

This follows from the definition of the above constructions and the fact that for every

1 < m < n we must have
M(Ant(A,,) USTHEK)]), v IE STHE)]; 2 S™HK)|o,

so the addition of S (K)|y can only make a difference in the root of M(K).
Let us verify that

Y(B € Sub(K))(M(K),w - B < B € S (K))

by induction on d(B) < i+ 1.
Basis-2. If d(B) = 0 then we have

B e ST K)e Be ST (K)|ye M(K),wl B,

by definition of M(K).
Induction hypothesis-2. Assume that for every B € Sub(K), if d(B) < j <i+1,
then

M(K),wlF B < B e S™HK).

Induction step-2. Let d(B) = j + 1. Three cases are possible here:

Case 1. B € S;. Then Con(B) € S™"(K)|y, which, by definition of M(K), means
that M(K),w I B.

Case 2. B € Sy. Then Con(B) ¢ S (K)|y, which, by definition of M(K), means
that M(K),w If Con(B). On the other hand, M(K),w If Ant(B). For assume
otherwise. Since d(B) = j + 1, we have d(Ant(B)) < j, therefore, it follows by IH-2
from M(K),w I Ant(B) that Ant(B) C S™(K)|; C S™(K). Since we know that
S(K) is finite, we can choose some natural u, for which S™(K) = S (K). Then
we have Ant(B) C Si™(K). Also, we have B € S (K) = Si"(K) by the assumption
that B € Sy. Therefore, we have Ant(B) U {B} C Si™'(K). Moreover, we know by
definition that d(B) = j + 1 < i+ 1 and since it is clear that

B — B € Imp(Ant(B) U{B}, Con(B)),

we obtain that Con(B) € Sit1(K)|o € S*1(K)|y, which contradicts the assumption
that B € 5;.

Case 3. B € S3. Then, for some 1 < m < n, B = A,,. Let w,, be the root of
M(Ant(A,,) US™HK)|;). We will show that

M(Ant(An) U STYE]), win - Ant(Ay), (33)
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whereas
M(Ant(A,) U S™HEK)|), wm IF Con(A,,), (34)
from which it will follow,by construction of M(K), that
(M(K), wp, IF Ant(Ap)) A (M(K), w,, If Con(Ay))
and, finally, that
M(K),w I A,,.
Since d(A,,) = d(B) = j+1 <i+1, it follows that d(Ant(A,,)) = j < i. Therefore
Ant(An) C (Ant(Ay) US™HE)])]s = So(Ant(An) U S™HK)]),

and we have by the choice of M(Ant(A,,) U ST(K)];).

To show (134) by reductio, we assume that
M(Ant(A,) U STHK)]), wn I+ Con(An). It follows that

Con(A,) € S'(Ant(A,,) U S™K)|;). Now, again using the finitude of S (K),
choose a natural u for which S (K) = Si*1(K). Then it follows that

Con(Am) c SZ(ATLt(Am> U S;+1(K)|z)7

which means, by definition, that A4,, € S/ (K) C S*"1(K), a contradiction with the
assumption that A,, € Ss. O

Corollary 2. For every A€ L_,:
= A& Con(A) € SUAMM (Ant(A)).

Proof. («<). By Lemma [§ if Con(A) € S¥A™D)(Ant(A)) C S(Ant(A)), then
Ant(A) = Con(A). Therefore, = A by deduction theorem.

(=). Assume, for reductio, that |= A, but Con(A) ¢ SN (Ant(A)). If
Con(A) ¢ Sub(Ant(A)) then there exists a model M consisting of a single world
w in which Con(A) fails but Con(B) is satisfied for every B € Ant(A). It is clear that
A fails in this model.

On the other hand, if Con(A) € Sub(Ant(A)) then consider M(Ant(A)). By
Lemma [4] if w is the root of M(Ant(A)), and B € Sub(Ant(A)), then

M(Ant(A)),w - B & B € ST (Ant(A)).
This means, of course, that both

M(Ant(A)),w I+ Ant(A),
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and
M(Ant(A)),w If Con(A).

Therefore, we get that M(Ant(A)),w If A, which contradicts the assumption that
= A. O

Importantly, Lemmas [3 and [4] allow for the following refinement of Corollary [I}
Corollary 3. For arbitrary finite K C L_,:

S(K) = SUM(K).

Proof. The inclusion S(K) D S¥¥)(K) holds by definition. For the inverse inclusion,
assume that A € S(K)~\ S¥5)(K). Then by Lemmal3] A intuitionistically follows from
K. On the other hand, K C S (K) C 59 (K), whereas A ¢ S5 (K). Thus, by
Lemma [4] there is a model M(K) such that for its root w we have

M(K),wlf \K — A,
a contradiction. ]

Lemma 5. For arbitrary finite K C L, if C - pe K, d(C — p)=d(K) >0, and
C ¢ S(K ~{C — p}), then for arbitrary A € S(K), either there is a set A C Sub(K)
such that

A e Imp(AU{C},p),
K~AC —p} E A

Proof. Assume the conditions of the Lemma for some K and choose an

A e S(K) C Sub(K). It follows by Corollary , that A € SU%)(K). To establish
the Lemma, it would suffice to show that for an arbitrary natural j, if A € S?(K)(K )
then either there is a set A C Sub(K) such that

A e Imp(AU{C},p),
K~ A{C = p} E A.

We show this by induction on j.
Basis. Let 5 = 0. Then

Ae SM(K) =K.
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Therefore, either A =C — p, or A € K \ {C' — p} whence
K~AC —=p} E A

Induction hypothesis. Assume that for j < k it is true that if A € S;I(K)(K ) then
either for some A C Sub(K') we have

A e Imp(AU{C},p),
K~A{C—p} EA

Induction step. Let j =k+1 and let A € S,ff?([(). Then three cases are possible:
Case 1. A € S,'f(K)(K). Then we are done by IH.
Case 2. A= D — B and

Con(B) € SUO=1(SI (K| 450)-1 U Ant(B)).
Then, by Lemma [3, we have
d(K)
Si (K |a(ry—1 U Ant(B) = Con(B),
whence, by deduction theorem,
Se (K age) 1 = B.

We know by IH that for every formula F € S,f(K)(K)|d(K)_1, either for some

A C Sub(K) we have

E e Imp(AU{C},p),
or

K~ A{C —p}EE.

But if £ € Imp(AU{C},p) , then d(E) = d(C — p) = d(K), therefore we would have
E ¢ SZ(K)(K )|acx)—1, which contradicts the choice of £. Hence

K~ AC = p} S () lago-1,
therefore,

K~ AC = p} E B,
and finally:

K~{C—-p}ED—B=A.



Proof-theoretic harmony: Non-flattening results 29

Case 3. A =D — B and there exists I' C Sg(K) such that for some £ € Sub(K)
E — E e Imp(I' U Ant(B),Con(B))).

Now it is clear that I' U Ant(B) = Ant(F) U {E} and Con(B) = Con(FE). Therefore,
d(I'U Ant(B)) = d(FE), and since B € Sub(K) we get that I' U Ant(B) C Sub(K), and
SO

d(E) = d(I'U Ant(B)) < d(Sub(K)) = d(K).

Also, since d(C' — p) = d(K), then for any A C Sub(K)
d(K) < d(Imp(A U{C}, p)).

All in all, this gives us that for every A C Sub(K) we have that
d(E) < d(Imp(A U{C}, p)).

Note, further, that if £ # F € I'U Ant(B), then we must have F' € Ant(FE), and there-
fore d(F') < d(F) strictly. This means that there is at most one formula F' € TUAnt(B)
for which there is a set A C Sub(K) such that F' € Imp(A U {C},p) and, if there is
such an F, then FF = E. So we assume, first, that £ € Imp(A U {C},p) for some
A C Sub(K).

Now, in this case C' € Ant(F) C T'U Ant(B). If we have C € I, then by IH either
for some A C Sub(K) we have

C e Imp(AU{C},p),
K~A{C —p}EC.

If the latter were true, then by Corollary 2] we would have C' € S(K ~{C' — p}), which
contradicts the assumption of the Lemma. If the former were true, then we would have
d(C) > d(C — p) which is an obvious contradiction.

Therefore, we cannot have C' € I' C S(K), and so C' € Ant(B). This means that

((Ant(B) ~ {C}) U{D}) U{C} = Ant(D — B),
Furthermore,

Con(D — B) = Con(B) = Con(E) = p.
Therefore, for A = (Ant(B) ~ {C'}) U{D} we have

D — B e Imp(AU{C},p),
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and we are done.
On the other hand, if for every F' € I' U Ant(B) there is no set A C Sub(K) such
that F' € d(Imp(A U{C},p)), then, by IH,

K~A{C—=p}ET,
and we reason as in Case 2. More precisely, by Lemma [3| we have
['U Ant(B) = Con(B),
whence, by deduction theorem, I' = B. Therefore,
K~ A{C —p} B,
and finally:
K~{C —p} =D — B.

O

Corollary 4. Let A € L,, C — p € Ant(A), and d(C — p) = d(Ant(A)) > 0. If
= A, then one of the following is true:

(1) | Imp(Ant(A) ~ {C — p}, Con(A));
(2) C e S(Ant(A)~ {C = p}).

Proof. Assume that C' ¢ S(Ant(A) \ {C — p}). By = A and Corollary [2| we know
that

Con(A) € S(Ant(A))lo,
and we can apply Lemmal5] Now of course there is no A C Sub(K) such that we have
Con(A) € Imp(AU{C},p),
because in this case we would have
0 =d(Con(A)) =d(Imp(AU{C},p)) =d(C — p) > 0.
Therefore, we must have
Ant(A) ~ {C — p} = Con(A4),

whence = I'mp(Ant(A) ~ {C — p},Con(A)) follows by deduction theorem. O
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We use the notation [4; — ... — A,] for the chain of implications where all
parentheses are grouped to the left. For instance, [A; — A — Aj] stands for
(A = Ay) — As. In what follows, we will need to consider a certain group of in-
tuitionistic models. First, consider Kripke frame F such that:

F = <{w7 u, v}7 {<w7 w>7 <U> U>a <ua u>7 <w7 U>a <w7 u>}>
Then the models that we need to consider below, will look like this:

N =(F.V);
Ny = (F,V,)

where we assume that for every r € Var:
{v}, if r = py;
V<T) = {U,U}, if r = q;
& otherwise.
{v}, if r = py;
Va(r) =  {u, v}, if 7 = ppys;

& otherwise.

Lemma 6. Let s be a world in N'. Then for every natural n:

n is even and s = u;
N,slkE[pr— ... = p) &

n is odd and s = v.

Proof. We proceed by induction on n.

Basis. One can easily check that the following condition hold:
N,slFp & s=w.

Induction hypothesis. Assume that for n < m and for an arbitrary world s in NV it
is true that:

n is even and s = u;
NislkEpr— ... = p) &

n is odd and s = wv.

Induction step. Let n = m+ 1. We can choose a k for which either m+1 = 2k +1,
orm+1=2k.

Assume that m = 2k; the other case is similar. Then, by IH we have

N,ulk[pr = ... = pul, (35)
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and
N,olf[pr— ... = bl (36)

We also have, by definition of N, that

N, uw W prgr. (37)
Now we can infer the following:

N,vlE[pr = ... = D] = Pmat; (from (36)) (38)

Noulf [pr = oo = Pl = Pt (from (35) and (37)) (39)

N, wlf [pr— ... = D] = Pt (from (39))) (40)
This completes the proof. O

Lemma 7. Forn > 2, both of the following hold:

N slEpr— ... = paa] & (s=vAnis even) V (s = u An is odd),
and

N, wlk [pr— o0 = puaal

Proof. The first part of the Lemma follows from Lemma [6] given that for every natural
n, n — 1 is even iff n is odd, and n — 1 is odd iff n is even, and given the fact that for
every n the model V,, is only different from N in its valuations for ¢ and p,,; which
do not occur in [p; — ... = p,_1].

For the same reasons, it also follows from Lemma [6] that
N, slE[pr— ... = p] e (s=uAniseven) V(s =vAnis odd). (41)

Now for the given n we can always choose a natural k for which either n = 2k, or
n=2k+1.
Assume that n = 2k; the other case is similar. It follows from that we have:

Noswlf [pr— .o = py). (42)
We also know that the following equation holds by the definition of N,,:
N, sk poir & s € {u,v}. (43)

Our reasoning is then straightforward:

No,ulb[pr = .00 = poa] (from (43) (44)
No, vl [pr— o0 = puad] (from (43)) (45)

No,wlk [pr— o0 = P (from , , and ) (46)
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We need two final pieces of notation: we call A an n-elimination formula iff
A = VrB, where B € L), d(B) = n and 7 is the list of all variables of B ex-
cept for possibly pi,...,pn, q.

Further, we call A an n-introduction formula iff A = BV ...V B,,, where for every
1 <i<mB; € Linsy, d{Bi,...,Bn}) = n and all the variables of A are among

pl? A 7p7l'
We are now ready to formulate and prove our main results:

Theorem 1. For every naturaln, [p1 — ... — p,|Vq is not intuitionistically equivalent

to any n-elimination formula.

Proof. Assume that an n-elimination formula A = V7B intuitionistically follows from
[p1 = ... = pa] V q. We will show that

VB — ([pr — ... = pa] V Q)

First, we can represent B as a conjunction By A ... A B, where {By,...,B,} C L_,
and for every 1 < ¢ < m, d(B;) < n. We may safely assume that all of By,..., B,
are not intuitionistically valid. Indeed, if all of By, ..., B,, are intuitionistically valid,
then = A and, of course, [p1 — ... = p,] V ¢ will not follow from A, so we are done.
If only some of By, ..., B,, are intuitionistically valid, we can simply omit all the valid
formulas from this set.

It follows from our assumption that

E(pr— ... = pa] Vg = VFA(BiA...\Byp),
and, further, that

= (pr = = pal V@) = VB,

for every 1 <i < m.

This, in turn, means that

Elp— ... — ] — B, (47)
and

=q— B, (48)

again, for every 1 <7 < m.
Note that since d(B;) < n, d(Ant(B;)) < n — 1. Therefore,

d(Ant([py — ... — pa] — B)) = d(Ant(B;)) U{[p1 — ... —= pa]}) =n — 1.
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Since we know that for every 1 < ¢ < m, B; is not intuitionistically valid, it follows
from by Corollary |4| that

[pr = ... = pua] € S(Ant([pr = ... = ppl = B)~{[p1 = ... = pa}) = S(Ant(B;)).

(49)
Furthermore, by Lemma [6]
N,wlf[pr— ... = pa] V.
We fix an arbitrary valuation for the variables A which are distinct from pq,...,ps, g

and show that under this valuation

Indeed, we know by that both N, u I+ B; and NV, v |- B;, since ¢ is forced in N by
both of these worlds.
Moreover, it follows from by Lemma |3| that

Ant(B;) E [p1 — ... = D1l (50)
We also know, by Lemma [0}, that

N,wlf [pr— ... = pp_i]. (51)
Hence it follows from and that

N, w lff Ant(B;). (52)

Given that we have already established that B; is forced in both successors of w in N,

yields that
N, w - B’ia
which completes the proof. -

Theorem 2. For everyn > 1, [p1 — ... — pnie] s not intuitionistically equivalent to

any n-introduction formula.

Proof. Assume that [py — ... — ppyo] intuitionistically follows from an n-elimination
formula A = B; V...V B,,. We will show that

o — ... = Puga] = (B1 V...V By)

First, by Lemma [I| we can assume that for arbitrary 1 < i < m B; is actually a

conjunction of formulas in L_,. Thus for every 1 < i < m we will assume that

B;=C{A...NC .
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Again, we can assume that every such conjunction is not intuitionistically valid. Indeed,
if some of B;s are intuitionistically valid, then A is intuitionistically valid, therefore a
non-valid formula like [p; — ... — ppyo] cannot follow from A, a contradiction.

Since [p; — ... — ppyo] follows from A, this means that for every 1 < i < m we

have

): Bl — ([pl — ... _>pn+1] _>pn+2>‘

This means that p,io € S({CY,...,CL | [p1 = ... = Dpia]}).

Now we must have either [py — ... — p)] € S{C,...,C.})
or [pp — ... — p) ¢ S{Ci....,C.}). In the latter case, since
d([p1 = ... = paya]) =n > d({C},...,C }), Corollary {4 applies, and we get that

Pn+2 € S({Civ e Czln})

So, in any case either [p; — ... = p,] € S{C},...,C. }), or poya € S{CY,...,CL }).
It follows then, by Lemma [3| and the fact that B; = C{ A... A C! , that

BZ' ): [pl — ... pn] vpn+2- (53)

Now we know, that since n + 1 > 2, we have, by Lemma [7] that

Not, w0l [pr— - = Pl V P (54)

It is immediate from and that for every 1 <1 < m we have

N1, w I By (55)
Given that we also have, again by Lemma [7], that

Noi,wlE[pr = o0 = puyal, (56)

this completes the proof. O

5 Concluding discussion

Our central result is that there are connectives with level-¢ introduction rules that do
not have harmonious elimination rules of level ¢ or below, and, conversely, connectives
with level-¢ elimination rules that do not have harmonious introduction rules of level ¢
or below. This result could be established for any ¢ greater or equal to one. In a sense
it reflects the idea that when passing from introductions to eliminations or from elim-
inations to introductions in a uniform way we transform premisses into assumptions.

When generating V elimination

[A1]  [A9]
AV A, C C
C
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from V introduction

Ay A
AVA, AVA,

we are turning the premisses A; and As of the introduction rules into assumptions in

the elimination rule. When we generalise this to a uniform schema for elimination rules
[A] [Am]

o(A,...,A) C ... C
C

generated from introduction rules of the form

A _ Bm
c(Ay, .. A oAy, A

we again turn the systems A; of rules into assumptions, a procedure, which raises the

level by one. Conversely, when generating — introduction

[A4]
_ A
Al — AQ

from — elimination

Al — A2 Al
Ay

we are turning the minor premiss A; of the elimination rule into an assumption of the
introduction rule (and its conclusion A, into a premiss of the introduction rule). When

we generalise this to a uniform schema for introduction rules

[A] [A]
B . B,,
c(Ar,..., A

generated from elimination rules of the form

C(A17 . ,An) Al C(Al, . ,An) Am
Bl . Bm

we again turn the systems A; of rules, which in the elimination rules occur immediately
above the line, into assumptions of the introduction rule. In this way, by going up
one level, we can always form harmonious eliminations to given introductions and
harmonious introductions to given eliminations. In Schroeder-Heister (2014a)) they
were called the canonical elimination rule (for a given set of introduction rules) and
the canonical introduction rule (for a given set of elimination rules), since there is

only a single such harmonious rule. As the canonical introduction and elimination
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rule is of higher level than the elimination and introduction rules, respectively, to
which they correspond, every connective characterised by a canonical introduction
or elimination rule has harmonious elimination or introduction rules, respectively, of
lower level. In subsequent work one might ask how to characterise connectives with
harmonious introduction and elimination rules, which are of equal (maximum) level,
i.e., whose introduction and inference rules are balanced in this way. The standard
example would be conjunction, but the question is whether there are nontrivial other
connectives of this kind.

Whereas our finding that a rise in level cannot always been avoided is a negative
result, we should mention the positive aspect of our investigation. By putting for-
mulas of intuitionistic propositional logic in parallel with rules, we could show that
to any conjunction-implication formula of degree d there corresponds an introduction
rule of level d + 1 (i.e., with premisses of level d), and to every disjunction of such
formulas a set of introduction rules. This means that any connective which is equiv-
alent to a disjunction of conjunction-implication formulas can be given appropriate
introduction rules (and, therefore, also a corresponding canonical elimination rule).
Likewise, any connective which is equivalent to an arbitrary conjunction-implication
formula of degree d can be given appropriate elimination rules of level d (and, therefore,
also a corresponding canonical introduction rule). This shows the outstanding role of
conjunction-implication formulas for the characterisation of connectives, as such for-
mulas can code what is expressed in terms of rules. In further work this might be
extended to formulas also containing universally quantified formulas as proper subfor-

mulas, which correspond to quantified higher-level rules (see Schroeder-Heister, 2014a)).
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