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Abstract

The linear-combination of prototypical views has
been shown to provide a powerful method for the recog-
nition and analysis of images of three-dimensional sta-
tionary objects. In this paper, we present prelimi-
nary results on an extension of this idea to video se-
quences. For this extension, the computation of cor-
respondences in space-time turns out to be the central
theoretical problem, which we solve with a new corre-
spondence algorithm. Using simulated images of bi-
ological motion we demonstrate the usefulness of the
superposition of prototypical sequences for the synthe-
sis of mew video sequences, and for the analysis and
recognition of actions.

Our method permits to impose a topology over the
space of video sequences of action patterns. This
topology is more complicated than a linear space. We
present a new method that is based on the structural
risk minimization principle of statistical learning the-
ory, which permits to exploit this knowledge about the
topology of the pattern space for recognition.

1 Introduction

The two-dimensional views of three-dimensional
objects change continuously with the orientation of
the object in space. This permits to represent inter-
mediate views of an object by interpolation between
prototypical views. This idea has been extensively ex-
ploited by Vetter and Poggio [14] who demonstrated
that it is possible to define linear spaces over sets of
views of the same three-dimensional object. For this
purpose, the correspondence vector fields that result
from the calculation of the correspondences between
a set of prototypical views of the object, and a refer-
ence image, were used as basis vectors of a linear vec-
tor space. Such correspondence vector fields can be
linearly superpositioned, resulting in a smooth mor-
phing between the different prototypical views of the

object. This permits to represent a whole class of sim-
ilar images of an object in a very compact way through
the weights of this linear superposition. Since cor-
respondences can be calculated also between images
of slightly different objects, e.g. faces of two differ-
ent individuals, the same technique permits to morph
between different faces. Additionally, complex image
transformations, like a change of the pose of an ob-
ject, can be represented as a nonlinear transformation
in the space of the weights. Such mappings can be
represented with radial basis function networks, and
can be learned from a set of example images [1].

The linear combination of prototypical views has
been successfully applied to a number of different
problems, like the view-invariant recognition of faces
[1], for view morphing [7], and for the generation of
animation sequences [5]. The underlying strategy has
been also generalized to three-dimensional images [13].

These promising results from the application of lin-
ear object classes to stationary images has motivated
us to investigate if similar ideas can be transferred to
the the recognition and synthesis of motion patterns,
or actions in video sequences. If it would be possible to
represent image sequences by adequately defined lin-
ear superpositions of prototypical sequences, the ad-
vantages of the linear combination of prototypes could
potentially transferred to the recognition an synthesis
of movements patterns and actions. It is the aim of
this paper to give a first evaluation of this new concept
in the context of a simple example. We analyzed the
synthesis and the analysis of motion patterns using
simulated images of biological motion.

We believe that the proposed method provides a
new interesting alternative to existing methods for ac-
tion recognition, that are usually either model-based
(e.g. [10, 4, 15]), or relying on the extraction of ad-
equate spatio-temporal features (e.g. [9, 4, 3]). We
assume that our method is also interesting for com-
puter graphics applications since it permits to morph
between different actions or movements.



2 Linear object classes for stationary
images

To set up a framework that will be helpful for the
discussion of the theoretical problems that are asso-
ciated with the generalization of the concept of lin-
ear object classes to image sequences, we start with a
short review of the ideas of Vetter and Poggio [14].

How can an image be represented by a linear super-
position of a set prototypical example images? The
linear combination of the brightness values of images
on a pixel-by-pixel basis provides no useful definition
for such a superposition. The superposition of the im-
ages would look like two transparent objects. Only
when the the shapes of the two-dimensional projec-
tions of the object in the images are exactly the same
the superposition would only look natural.

A more useful definition for the linear combination
of prototypical images is based on the correspondences
between the images. Assume that the image features,
e.g. the pixels, are characterized by a vector x, and
that a reference image is chosen that is characterized
by the vector xo. The image can then be characterized
by a correspondence vector £ = x — xg that describes
the spatial shifts between corresponding points of the
image and the reference image. Such correspondence
vectors can be calculated with a usual optic flow algo-
rithm.

Given a set of prototypical images that are char-
acterized by the feature vectors x,, and by the cor-
respondence vectors §, with respect to the reference
image xg, one can define a nicely interpolating linear
combination of images by linearly combining the spa-
tial shift vectors &, in the form:

£=> o€, (1)

p=1

The constants ¢, determine the contributions of the in-
dividual prototypical images. From the obtained new
correspondence vector £ a new image feature vector x
can be calculated, just by adding the shift vector to
the reference vector: x = £ + xg. This is a warping of
the reference image that is specified by the new cor-
respondence vector €. By applying this method the
topology of a linear space is defined onto the set of
images. Of course, the prototypical images and the
represented image must be sufficiently similar, so that
an interpolation between the prototypes makes sense.

The defined linear space of images can be used
for the synthesis of new images, and for analysis or
recognition. For synthesis prototypical images from
different objects, e.g. faces from different persons or

view angles are linearly combined. This leads to a
smooth morphing between the prototypical images.
New images can be characterized by the relatively
low-dimensional coefficient vector ¢ = [e1, ¢a, ..., cp]’.
Complex image transformations, like rotations of a
three-dimensional object, can be expressed by the as-
sociated changes of the coefficient vector c. Transfor-
mations of the image space correspond to the appli-
cation of nonlinear mappings on the coefficient vector
c. Such mappings can be represented by radial basis
function networks [11], that can be trained with a set
of example images for which the true transformation
is known [1].

For analysis, the correspondence between a new
image and the reference image is calculated. The
resulting correspondence vector £ is then approxi-
mated by a linear combination of the prototypical
correspondence vectors §,,, e.g. by least squares fit-
ting. The resulting coefficient vectors can be used
to estimate the pose parameters of three-dimensional
objects. For this purpose, a radial basis function net-
work is trained with image examples that represents
the mapping from the coefficient vector ¢ onto the
pose parameters [1].

3 Linear object classes for image
sequences

To transfer the idea of a linear combination of pro-
totypes to whole image or video sequences one might
first think about a relatively simple solution. The cor-
respondences between the image sequences could be
defined by calculating the correspondences between
the images for each fixed point in time on a frame-
by-frame basis. The linear combination of the proto-
typical sequences would then be defined simply by a
”time-indexed” version of equation (1):

P

£(t)=> cp&,(t)

p=1

The disadvantage of this simple procedure is that im-
age sequences with identical spatial structure, but
slightly different timing result in large spatial devia-
tion vectors, almost like two sequences that show dif-
ferent movements. Assume that two video sequences
show the same arm movement of two different persons,
one of which moves his arm faster in the beginning,
and slower at the end of the movement than the other.
If only spatial displacements enter the correspondence
process, these two image sequences would be matched
with very strong spatial displacements between the



corresponding image points. A linear combination of
prototypes with such large spatial displacement vec-
tors would likely lead to distortions that prevent a
smooth interpolation between the arm movements of
the two persons.

A useful definition for the ”linear combination” of
image sequences must, therefore, result in a good in-
terpolation between sequences with slightly different
temporal structure. To interpolate smoothly between
sequences with similar spatial, but different temporal
structure we must admit also shifts in time between
the corresponding image points in the sequences. This
implies that we must calculate spatio-temporal corre-
spondences.

These considerations lead to the idea to define not
only a spatial displacement vector £(t), but also a tem-
poral displacement parameter 7(¢) for each point in
time. Instead of the linear superposition equation (1)
one obtains the pair of equations:

Each correspondence vector has thus a spatial and a
temporal component, which are linearly combined us-
ing the same weighting coefficients. In the rest of this
article, we demonstrate that this definition of a linear
combination of image sequences leads to useful results.

4 Correspondences in space-time

We have, so far, not specified how spatio-temporal
correspondences image sequences can be calculated.
The spatio-temporal correspondence algorithm must
assign to each spatial point in the feature space at a
certain point in time in one image sequence a, usually
spatially and temporally shifted point in the another
sequence.

It is important to understand that finding spatio-
temporal correspondences is an ill-posed problem. As-
sume for a moment that the feature space is only one
dimensional. In this case the image sequences can be
characterized by two one-dimensional time functions
x1(t) and z2(f). Assume now, that the two functions
specify two movements that have exactly the same
spatial structure, but which have a different timing.
Let, for instance, the movement of the trajectory xs
first be slower, and then faster than the movement of
x1. In this case we could assign a whole continuum of

spatio-temporal shifts that map the two curves con-
tinuously onto each other. We could for instance try
to minimize the temporal shifts and assign 7(¢) = 0 to
each point in time. The deviations between the two
functions would then be captured by the spatial shifts.
If one, however, favors the other extreme, and imposes
no restrictions on the temporal shifts at all, one can
obtain zero spatial shifts everywhere just by rewarp-
ing the trajectory x; onto the other trajectory in time.
(Since we assumed that the two trajectories have the
same spatial structure this is always possible.) From
this can be concluded that a unique solution for the
spatio-temporal correspondence problem requires the
inclusion of a priori information about the trade-off
between temporal and spatial shifts. This trade-off
determines the regimes over which the obtained rep-
resentation interpolates in space and time.

We have developed a correspondence algorithm
that resolves this ambiguity. The algorithm should
assign to each point x2(t) on the trajectory xo a cor-
responding point on the trajectory x;, which not nec-
essarily has the same time value. We introduce, there-
fore the modified time t’. The pair of correspond-
ing point to time ¢ is thus given by the points x2(t)
and x1(t'). The corresponding points can also be
uniquely characterized by their spatial and temporal
shifts that are indexed by the continuous time param-
eter t. Mathematically, these shifts are defined by the
equations:

xa(t) = xi(t') +&(1) (3)
th = t+7(t)

Our correspondence algorithm determines the tempo-
ral and spatial shifts by minimizing an error that is
the weighted sum of the quadratic spatial and tem-
poral deviations over the whole image sequence. In
the time-continuous case, this error is given by the
integral:

e, 7] = / [+ ar)?]dt (4)

This error is a functional of the spatial displacement
function £(t), and of the temporal displacement func-
tion 7(t). The error has to be minimized under the ad-
ditional constraint that the mapping between the time
variable ¢ and the modified time ¢’ for the trajectory
x1 (') must be continuous, one-to-one, and monoton-
ically increasing, in order to define unique temporal
warping of the sequence x;. This implies for the func-
tion 7(¢) the following constraints:

dr/dt > -1 (5)
T(O) = T(tmax) =0 (6)



For the minimization of the error E., we have devel-
oped an algorithm that combines dynamic program-
ming and parametric optimization. (The technical
details are discussed in appendix A.)

5 Application for the synthesis of new
image sequences

To test the appropriateness of our idea of a linear
combination of prototypical image sequences, we gen-
erated a set of synthetic image sequences that showed
a stick figure that performs three different walking
styles (walking, running and limping). Using a 3D-
model for the stick figure, we generated for each of the
three walking styles two-dimensional image sequences
from five different view angles (one view was directly
from the side; for the additionally views, the ”cam-
era” axis was rotated either +25 deg up and down, or
25 deg right or left. The prototype for ”limping” was
obtained from the image sequence for ”walking” by
rewarping the image sequence for walking in time, by
first slowing the movement down, and then increas-
ing its speed in order to keep the cycle time of the
movement constant.) In total, we used 15 different
prototypical sequences (five different view angles for
each of the three walking styles), each sampled with
only 21 discrete time steps.

We used the two-dimensional joint positions of the
figure as feature vectors x(t). The algorithm described
above was applied for the calculation of the correspon-
dences between the prototypical patterns and a ref-
erence sequence, which was the side view of walking.
The obtained spatio-temporal correspondence fields of
the prototypes were then linearly combined according
to equation (2) using weights that fulfilled the condi-
tions ¢, > 0 and

P
Zcp =1.
p=1

The resulting new correspondence vector field was
then used to warp the reference sequence x;(t) to a
new synthetic sequence that is defined by the equa-
tion:

x(t) = x1(t + 7(t)) + &€(t) (7)

Our tests showed that the synthesized new image
sequences interpolated smoothly between the proto-
typical sequences of the same walking style. The
quality of the resulting interpolated motion sequences
was comparable to the quality of the prototypical se-
quences themselves. Interestingly, also linear com-
binations of different walking styles looked relatively

natural, as long as the view angles were similar. A
combination of ”"walking” and ”running” with equal
weights looks like slow running or quick walking. A
mixture of ”limping” and ”running” looks like a weak
form of limping. This shows that, at least with the
stick figures, the proposed method permits to interpo-
late smoothly between different views of a single walk-
ing style, and also between different action pattern. In
particular, the smooth interpolation between walking
and limping, that differed only with respect to their
temporal structure, shows that the method fulfills the
constraint that was formulated above: it interpolates
smoothly between patterns that differ with respect to
their temporal structure.

When two different walking styles with different
view angles were combined the resulting motion se-
quences showed distortions. This shows that not all
motion patters can be linearly combined equally well.
The combination of some patterns, like prototypes of
the same walking style, or different walking styles with
the same viewing parameters, leads to useful interpo-
lated patterns. Combinations of prototypes that dif-
fer in both, view angle and walking style seem not
to form useful linear combinations. More abstractly,
this can be interpreted as evidence for the existence
of a topology over the set of image sequences. In this
topology, some prototypical patterns seem to be close,
like prototypes for the same walking style, or different
walking styles with the same view parameters, and
an interpolation between them led therefore to use-
ful results. Other sequences, like running and limping
from different view angles seem to further apart, so
that an interpolation between them leads not to useful
results. Interestingly, the mixture of all prototypical
patterns with equal weights leads to a natural pattern,
potentially because the characteristic extreme proper-
ties of the different prototypes are averaged out. We
are presently investigating if similar results can also
be obtained with real image sequences.

6 Analysis of image sequences

To test if the linear combination of prototypical se-
quences can also be used for the recognition of walk-
ing styles and their view parameters, we simulated
new synthetic image sequences that showed the walk-
ing styles from many different view angles. We tried
to recover the walking style, and the view parameters
(rotation angles of the camera).

Let us assume first that the walking style is already
known. In this case the view parameters can be recov-
ered by approximating the spatial and temporal shifts



&(t) and 7(t), that are associated with the new se-
quence, by a linear combination of the shifts of the
prototypical sequences of this walking style, accord-
ing to equation (2). This can be easily achieved by
minimizing a composite error that is a weighted sum
of the squared errors of the spatial and the temporal
deviations of the approximation:

P
Ea(c) :/ [ﬁ(t) =Y ek +
p=1

P
Aa (T(t) = D epr(®)?] dt (8)
p=1

The parameter A\, determines the trade-off between
spatial and temporal deviations. The coefficient vec-
tor ¢ that minimizes the error F, can be found by
solving the linear equation system

Kc=a 9)

where the elements of the P x P matrix K are given
by

Ko = [ [6,0/€,0) + X n(0Om (0] ¢ (10)

and the elements of the vector a by

ap = / [E@/E, (1) + A 7(O)p(8)] At (11)

for 1 < p,q < P. This equation system was solved
using a singular value decomposition method. The co-
efficient vectors were then used as input signals for a
radial basis function network with gaussian basis func-
tions that maps the coefficient vectors onto the view
angles. This network had been trained with 16 image
sequences with known pose parameters. The width
of the gaussian basis functions was optimized for good
interpolation properties of the networks. The view an-
gles were recovered with a precision of about 2 deg in
the regime £25 deg for both viewing angles by this
procedure.

Recovering the type of the walking style from the
weights of the linear combination turned out to be
more difficult. The reason for that is that an appli-
cation of usual least squares techniques for the esti-
mation of the view parameters fails when prototypes
from all different walking styles are used at the same
time. The reason is the high ambiguity in the pos-
sibility to decompose the new correspondence vector
in linear combinations of the correspondence vectors
of the prototypes. This results in coefficient vectors

that load highly on many different walking patterns,
and also on combinations of coefficients that do not
specify useful linear combinations of the prototypes
(for instance ”running” and ”limping” from different
view angles). This is illustrated in Fig. 1 (left), where
the gray levels encode the absolute values of the coef-
ficients c,. Along the vertical axis of this plots the co-
efficient vector elements are ordered according to the
walking style of the associated prototype (W: walking,
R: running, L: limping). Each segment on the horizon-
tal axis indicates one of 48 test sequences that had to
be classified as one of the three different walking styles.
The left figure shows the results that are obtained us-
ing a least squares method for the estimation of the
coefficients. Examples for a certain walking style, like
”running”, lead to substantial load on the coefficients
also of other walking styles, like ”limping”. This un-
stable estimation makes a reliable recognition of the
walking style from the weights impossible. This is true
even though we applied singular value decomposition
and regularization techniques in order to stabilize so-
lution of the least squares estimation problem.

The deeper mathematical reason for this instabil-
ity is that the set of prototypical correspondence vec-
tors defines linear function set for approximation that
is too rich (its capacity is too large). The resulting
instability in the estimation of the coefficients could
potentially be resolved by adding more features, that
could help to disambiguate the linear estimation prob-
lem. We will take another route here that exploits
the knowledge that we have about the topology of the
space of image sequences. It seems reasonable to re-
quire that prototypes that do not specify usefully in-
terpolating intermediate patterns if they are superpo-
sitioned, should not contribute at the same time to the
linear approximation. This helps to avoid that the mo-
tion pattern is approximated by linear combinations
that do not correspond to usefully interpretable image
sequences.

How can this a priori knowledge be integrated in
the estimation of the coefficient vector ¢ 7 We pro-
pose here a numerical technique that is based on the
structural risk minimization (SRM) principle that has
been formulated by Vapnik [12]. The idea of struc-
tural risk minimization is to look for a solution with
minimal capacity of the associated function set, in-
stead of minimizing only the approximation error in
the least squares estimation in (9). We propose here
to embed the a priori knowledge into the capacity con-
trol, resulting a modified structural risk minimization
(MSRM) method. To measure the capacity we use the



function:
Es(c) = |c|'W]c] (12)

When W is the unit matrix, this function goes over in
the function that is usually applied for structural risk
minimization, which results in a solution that mini-
mizes the VC dimension [12]. We modified this term
by admitting additional positive values in the symmet-
ric matrix W. All elements that correspond to pairs
of coefficients that specify meaningless combinations
of prototypes were set to high positive values. This
leads to a strong suppression of such weight combina-
tions in the solution.

The function E has to be minimized under the
constraint K ¢ = a. In practice, this constraint can
be often only approximately fulfilled, because of noise
and inconsistencies in the data. This makes it nec-
essary to induce a ”slack variable” vector ¢ into the
problem that absorbs the deviations from the equality
constraint. Instead of the function in (12) we minimize
thus the expression

Ey(c) = |c|'Wlc| + C [¢]” (13)

under the constraint Ac = a + . The large positive
constant C' determines how strongly deviations from
the equality constraints are punished in the optimiza-
tion process. It is shown in appendix B that this opti-
mization problem can be transformed into a quadratic
programming problem for which effective solution al-
gorithms exist.

Least square

Fig. 1 (right) shows that our MSRM method leads
to approximations with relatively few non-zero coef-
ficients that are usually corresponding to prototypes
of the true walking pattern. This makes it possible to
use the linear weights for a classification of the walk-
ing patterns. We used the Li-norm of the parts of the
coeflicient vector that belong to the individual walking
styles as discriminating function for the classification.
For the tested 48 examples the misclassification rate
using the MSRM method for the estimation of the
coefficients was low (< 5%). Applying the same clas-
sification rule to the coefficient vectors that were ob-
tained using least squares fitting lead to very high er-
ror rates of the classification (about 30%). This shows
that the increased numerical effort that is required for
the solution of the quadratic programming problem is
justified.

A very interesting result was obtained when a new
walking pattern was generated between walking and
running, by adequately mixing the coefficients of the
3D-simulation program. In this situation the relative
size of the Li-norms of the coefficient vectors asso-
ciated with running and walking prototypes covaried
exactly with the relative influence of the two walking
styles in the simulation program. This shows that our
method permits a gradual classification of action pat-
terns that permits results of the form: z % ”walking”
or "running”. The method performs thus a mixture
between classification and parametric regression.

Fig. 1:

MSRM

examples

examples



7 Conclusions and outlook

In this article we have presented first results that
explore the idea of a linear combination of prototypi-
cal motion sequences for the synthesis and analysis of
video sequences. We are presently trying to generalize
the same techniques for an application to real video
sequences.

Our results seem to be promising for analysis and
synthesis. For synthesis it has has to be explored if in-
terpolated sequences with sufficiently high quality can
be obtained, for instance by a separate linear combina-
tion of texture (brightness) and shape (spatial shifts)
[1]. For recognition, potentially higher distortions of
the interpolated patterns can be tolerated. Instead of
using specific object points as features we are planning
to apply optic flow algorithms to real image data (cf.
also [14, 1]). Using characteristic key points to sim-
plify the correspondence process may however be help-
ful in graphics animation applications of our method.

The proposed method for the integration of a pri-
ori knowledge in the estimation of the linear weights
seems to be an interesting extension of the structural
risk minimization principle. Most applications so far,
have mainly focused on minimizing the VC dimension
of the approximating function set, but did not include
problem-specific a priori knowledge about the struc-
ture of the admissible function set. The quadratic
programming procedure sets irrelevant coefficients,
and coefficients that do not fulfill the constraints to
zero. This should lead to a high robustness of the
described method, in comparison with alternative
procedures that are based on weighted least squares
estimation.

Acknowledgments
This work was supported by the Deutsche
Forschungsgemeinschaft.

Appendix A: Details of the correspondence
algorithm

The real implementation deals with image sequences
that are sampled equally-spaced in time with sampling
time T, indicated in the following by x;[n]. The algo-
rithm that we used was inspired dynamic time warping
methods in speech recognition [8]. (For an application of
similar techniques to the time warping of gestures see [2].)
Compared to such algorithms, our method tries to mini-
mize the computational effort by minimizing the number of
sampled image frames, and by warping between the sam-
pling images. In this way we can emulate a time continuous
sequence of images.

Our correspondence algorithm consists of two steps.
The first step is based on a dynamic programming algo-
rithm for path optimization. Given the N frames of the
two image sequences x; and x2, that have to be brought
into correspondence, we calculate for each frame pairing
with discrete times n and n’, 1 < n,n’ < N, the error
function value:

Ea(n,n') = |[x1[n] — x2[n/]|> + A(n — ') T? (14)

The dynamic programming algorithm tries to find a path
in the n-n’-plane with minimum cost, where the cost is
the sum values of the function E4 along the path. The
algorithm starts with the index pair n = 1 and n’ = 1.
Along the path n always increases by one. To implement
the monotonicity constraint (5), the set of permitted path
transitions for n’ is restricted. If we indicate by n’[n] the
value of the index n’ that is associated with the index n,
the possible values of n'[n] are restricted through the in-
equality:

n'n—1<n[n]<n'[n—-1]+2 (15)

To enforce the end-point constraints (6) we introduced the
additional restrictions:

2n— N <n'[n] <N (16)

The second step of our algorithm determines the ex-
act spatial and temporal shifts by linearly interpolating
between the discrete frames of the sequence xi. For this
purpose we construct a time-continuous sequence by warp-
ing linearly between the frames of the time discrete se-
quence. The interpolated (quasi) time-continuous image
sequence in the time intervals I1 = [(n — 1)T,nT] and
I, = [nT, (n+ 1)T] is given by the equation:

_Jxin] = (n—t/T)di[n—1] fortel
xa(t) = {x1[n] + (n—t/T)di1[n] for t € I (17
with
di[n] =x1[n+ 1] — x1[n]. (18)

Introducing this this approximation into the error function
(4), one can analytically calculate the optimal time shifts
within the two time intervals. (The integral was replaced
by a sum over the discrete time events that are indexed by
n.) resulting in the expression

nldi|? + AT%n £ db [0/, n] dy
AT?2 + |d, |2

r(nT) =T ( - n> (19)

where the vector d2; is given by
d21 = Xg[nl] — xl[n].

In the interval I; the first sign has to be chosen, and
d: = di[n — 1], whereas for the interval I> the second
sign is valid and d; = di[n]. In this way two candidate
values for the time shift 7(nT") are obtained, one for each



interpolation interval. We selected the value that led to
a smaller value of the error function E.. Given the cal-
culated optimal time shifts, one can use equation (17) to
obtain the associated optimal spatial shifts.

Appendix B: Quadratic
problem for the MSRM

programming

By introducing the new non-negative variable vectors z
and z* one can rewrite the error function in (13) in the
form:

Em(z,z*) =z z"| W, [ZZ*] +C |C|2 (20)
where the symmetric matrix W,, is given by

(21)

w2 %

Wy, W

and where Wy by setting the diagonal elements of W
to zero. (This procedure is important to obtain a non-
degenerate quadratic term, since otherwise the matrix has

rank zero.)
The constraints have to be reformulated in the form:
KoK [2] = ar (22)
z > 0 (23)
z° > 0 (24)

This is a standard quadratic programming problem with
a number of equality and inequality constraints for which
efficient solution algorithms exist [6]. The quadratic pro-
gramming algorithm was part of the MATLAB optimiza-
tion toolbox. We removed redundant (almost) linear de-
pendent equations from the constraint system Kc = a to
ensure a fast convergence of the algorithm.
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