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Abstract:



This paper bases its examination of the quality of the Harrod - Domar model on an empirical investigation. Quality means in this context whether the model has the capability to explain the changes in GDP per capita.

For this purpose it is necessary, first, to derive the Harrod - Domar model briefly, second, to introduce the assumptions, which are made, third - and this is the focus of the paper - to work with data. 

Working with data means to prove, whether the signs and the magnitudes of the coefficients of the independent variables, used by the model, are confirmed by multiple regression analysis, or not. If differences between the expected impact of the variables on GDP per capita and the results, obtained by statistical analysis, occur, they will be an indication for rejecting the model.



Deriving the Harrod - Domar model:



Each growth theory has as initial point the movement of capital stock. Economic growth takes place, when capital stock widens, and because of that capacity for production rises. Thinking of economic growth as a continuous process leads to following equation:





(1)	�EMBED Equation.3���		�EMBED Equation.3��� ... Rate of depreciation



We introduce two definitional equations which describe on the one hand the identity between S, the savings, and I, the gross investment. On the other hand the population growth is equal to n, the natural growth rate.



�EMBED Equation.3���	



(3)	�EMBED Equation.3���					Population growth		

The Harrod - Domar model suggests a constant capital - output ratio. This assumption implies that marginal productivity of capital is constant too, because the same amount of money, used in the production process, produces always the same amount of output. Moreover, there is only one input factor, that can create output and there is no way to substitute another input factor for capital. Equation (4) summarises this assumption. 



(4)	�EMBED Equation.3���					Y ... Output



People save an unchanging proportion of GDP.



�EMBED Equation.3���



Finally, we achieve the following equation after simple algebraic calculation. The mathematical appendix discusses this outcome precisely. 



(6)	�EMBED Equation.3���	1) 



We set �EMBED Equation.3��� = 0  because the rate of depreciation is almost equal in each country. Moreover, �EMBED Equation.3��� has approximately the same level over time. Therefore, it can obviously not explain the changes in GDP per capita and the differences in the process of development among countries. 





The theoretical model (6) is now translated into a statistical model as  preparation for the linear regression analysis. By carrying out this operation, the theory makes an additional simplification by supposing, that the capital - output ratio is equal to three. Is this assumption sensible with respect to the data base.

We consider the values of theta in 1990, which we have obtained with regard to the definition of theta. To get an overview, some descriptive features, like the mean and the standard deviation of the data base are calculated.



�Minimum�Maximum�Mean�Standard

deviation��Capital -output�1.55�7.43�2.9317�0.9021��ratio 1990������(85 cases, countries are used)



As it can be seen, the theory is not far from truth. So we substitute three for theta in our stochastic model. Now the relationship between the growth rate of GDP per capita and the two explanatory variables appears clearly. The equation suggests a linear function with which the growth rate of GDP per capita is explained. Moreover, it is now possible to answer the question, which signs and magnitudes the coefficients �EMBED Equation.3��� and�EMBED Equation.3��� have.



(7)	�EMBED Equation.3���		Stochastic model

Interpretation:



If s increases one unit (one percentage point), the growth rate of GDP per capita will rise 1/3 percentage point.

If n becomes one additional unit larger, the growth rate of GDP per capita will fall one percentage point.

So increasing saving rate and decreasing population growth rate have a positive impact on the development of GDP per capita.

Likewise the stochastic model contains �EMBED Equation.3��� , the constant term, only for mathematical completeness, hence it has no further meaning.



Working with data:





The paper investigates whether signs and magnitudes of the independent variables, predicted by the growth model, can be confirmed by data analysis, or not. The theory suggests the following:





(8)	�EMBED Equation.3���	Magnitude of the impact of population growth rate respectively saving 			rate on growth rate of	GDP per capita.



(9)	�EMBED Equation.3���





In a linear regression model the partial derivatives expressed in equations (8) and (9) are represented by the estimated coefficients. Comparing these coefficients with the magnitudes of impact that the independent variables have is now the task. In order to manage this task, a multiple regression analysis working with data collected in 1997 is now carried out.



Model summary:





Independent variables:�Coefficients:�t - values:�significance:��Constant�          -	5.977�          -	4.281�0.000��INVEST97�	0.372�	8.308�0.000��POPG97�          -	0.192�          -	0.587�0.558��Dependent variable: GROWTH97

Adjusted �EMBED Equation.3���





Two aspects are worth mentioning. First, the fact, that the gross domestic investment is a proxy for the saving rate, because it is nearly impossible to get reliable information about s. Second, the explanatory variable population growth rate in 1997 is not significantly different from zero. By the way, the 90% level of confidence is the scale with which the received significance through the analysis is compared. Because 0.558, the significance of population growth is greater than the admitted value 0.10, the coefficient is not significant. Is the model under these conditions worthless? This conclusion cannot be drawn so far without a straight look on the data. For this purpose scatter plots can be a useful method for discovering extreme values, which cannot be explained by the model. These extremes are likely to create a biased regression line.

Scatter plot:



�



Two extreme values appear on the diagram. On the one hand a mistake leads to the first extreme point, because an annual growth rate of GDP per capita greater than 70% is highly irregular. On the other hand a population growth of about 16% in Rwanda is also far from being normal. The large population growth stems from the streams of refugees fleeing from the civil war in central Africa.



In order to obtain a reliable regression line it is reasonable to exclude these extreme points. Moreover, these extreme values show the boundaries the growth model is captured within, because extreme levels of the model variables are not part of the regression line. Consequently, it will not be sensible to predict the growth rate of GDP per capita knowing the values of the explanatory variables, say, n = 17% and s = 10%, although the calculated linear regression equation might tell, that a reasonable result can be achieved. Now the new regression line  with excluded extreme values is estimated.







Model summary with excluded extreme values:



Independent variables:�Coefficients:�t - values:�significance:��Constant�          	0.490�          	0.442�0.659��INVEST97�	0.125�	3.614�0.000��POPG97�          -	0.831�          -	2.519�0.013��Dependent variable GROWTH97

Adjusted �EMBED Equation.3���





After excluding extreme values, both independent variables are significant on the 90% confidence level. This outcome is an evidence, that the explanatory variables have an impact on the dependent variable. Moreover, the adjusted R squared indicates, that 14.2% of the observable variable can be explained by the independent variables. 



A critical distance to the results of the model with excluded extreme values is essential, because a survey whether the assumptions of the linear regression model are fulfilled must take place.

The assumptions, which can be hurt, have an influence on the calculated t-values and significance. Because of that false conclusions about the significance of the explanatory variables make an evaluation of the discovered linear regression line senseless:

First, the model suggests normally distributed residuals, and residuals with mean equal to zero. The latter can easily be proved and confirmed.



�valid cases�mean��Unstandardized

residuals �122��EMBED Equation.3�����

Then the Kolmogorov – Smirnov test for normal distribution is used leading to the result that the residuals are not normally distributed, as the asymptotic significance (two tailed) is smaller than the required value of 0.10 for confirming the normal distribution assumption. 



Asymptotic significance (two tailed) = �EMBED Equation.3��� 

Violating this assumption makes it impossible to believe in hypothesis tests, and to assert that the coefficients are significant. The cause of not normally distributed residuals are not normal distributed explanatory variables. Two operations can perhaps solve this problem. First, if the model neglects independent variables that have an importance for explaining the dependent variable, additional explanatory variables will be taken into consideration. Inserting additional variables can improve the model with regard to a higher adjusted R squared. Second, logarithmic transformation  of the model variables makes them normally distributed, and because of that the residuals are also normally distributed.



Introducing new independent variables might solve the problem, but it means, that the independent variables, used by the Harrod - Domar model, are not sufficient for describing the annual growth rate of GDP per capita. Indeed the low adjusted R squared (=0.142) appearing in the model with excluded extreme values gives a first impression, that with saving rates and population growth rates alone only a small part of the observable deviation of the dependent variable can be attributed to changes in explanatory variables.

In memory, the concern of this paper is to prove whether the signs and the magnitudes, predicted by the Harrod -Domar model, of the explanatory variables can be dismissed by an empirical investigation, or not.

Because of that it seems to be counterproductive, to change the model by introducing new variables to keep the assumption of normally distributed  residuals, because this might be a cancellation of the model.





But using dummy variables as new independent variables, which stand for a geographical subdivision of the countries, such as Africa, Asia, Europe and America, does not change the Harrod - Domar model in a substantial way. Because the dummy variables are added as intercept variables, they keep the ”slope“ of the regression line untouched. Hence, the investigation of the magnitudes of impact which are equal to the partial derivatives (the ”slope“) is not disturbed by inserting these dummy variables. However, these dummy variables describe the geographical differences (climate, access to sea etc. ) that could have an influence on the economic performance in this group of countries. In contrast, using for example primary school enrolment rate as a proxy for human capital would lead to a completely new model, so that the task of the paper is failed.

Unfortunately, including Africa, Asia, and Europe as dummy variables and America as base line into the model does not lead to success because the coefficients of the new variables are not significant. So the explanatory power of the model is not improved and adjusted R squared is nearly unchanged. Moreover, the residuals are furthermore not normally distributed, which violates the assumption.



Model with Dummy variables:



Independent variables:�Coefficients:�t - values:�significance:��Constant�	1.364�	0.971�	0.334��INVEST97�	0.123�	3.507�	0.001��POPG97�          -	0.974�          -	2.229�	0.028��Africa�          -	0.625�          -	0.573�	0.568��Europe�          -	1.785�          -	1.175�	0.242��Asia�          -	0.399�          -	0.380�	0.704��Dependent variable GROWTH97

Adjusted �EMBED Equation.3���



The attempt by inserting dummy variables to avoid a logarithmic transformation failed because developing countries are in the majority in the sample. As a result, a base line, such as the OECD countries, cannot be constructed because important countries, such as Germany, United Kingdom, USA and Canada are not part of the data set. Therefore, using America as base line in the model with intercept dummies means to test whether there are significant differences between developing countries in America (i.e. Mexico) and developing countries in Asia (i.e. India). Hence it is not really surprising that the coefficients of the dummies are not significantly different from zero.



The last way out is a logarithmic transformation of all independent and dependent variables, and estimating a new regression line.

Independent variables:�Coefficients:�t - values:�significance:��Constant�          -	5.944�EMBED Equation.3����          -	0.093�0.926��LNIN97�	0.394�	1.934�0.057��LNPO97�          -	0.344�          -	3.052�0.003��Dependent variable LNGR97

Adjusted �EMBED Equation.3���

Before discussing this outcome precisely, it is absolutely necessary to control if the new regression line keeps the assumptions: mean of residuals equal to zero, normally distributed residuals, homoskedasticity, no autocorrelation and finally no multicollinearity. 

The mean of the residuals is close to zero.

�valid cases�mean��Unstandardized

residuals �81��EMBED Equation.3�����

As the Kolmogorov - Smirnov test for normal distribution shows an asymptotic two tailed significance equal to 0.222, which is obviously greater than 0.100, the residuals are normally distributed.

Testing for homoskedasticity with Goldfeldt – Quandt test does not give a clue for heteroskedasticity. For this purpose the number of observations (=81) are separated into three parts. As an illustration the results are presented in following table:



�with regard to����saving rate

(average of squares)�population growth

(average of squares)��cases   1 - 27�0.470�0.475��cases 55 - 81�0.540�0.507���EMBED Equation.3����1.15�1.07��Critical value

�EMBED Equation.3����EMBED Equation.3����1.98�1.98���EMBED Equation.3���Right - tail critical values for the F - distribution (upper 5% points)



The plotted ACF - diagrams do not point at autocorrelation. Also multicollinearity is not plausible because the adjusted R squared is very low and the coefficients of the explanatory variables are far from being zero.

Because the assumptions are strictly held, the results can be interpreted. Following linear regression line is estimated:



(10)	�EMBED Equation.3���	

Because �EMBED Equation.3��� (=0.394) is positive, an increase in saving rate leads to an increase in growth rate of GDP per capita. Likewise a decrease of population growth rate has a positive influence on the independent variable because �EMBED Equation.3���(=-0,344) is negative. So it is easy monitoring the signs of the coefficients. Showing the same signs as predicted, data analysis supports the theory.

Comparing the coefficients �EMBED Equation.3��� of the regression line expressed in equation (10) with the partial derivatives in equation (8) and (9), which measures magnitudes of impact, is impossible without further mathematical treatment. 2) 



If the Harrod - Domar model describes the magnitudes of impact correctly, the following relationships will be true.



(11)	�EMBED Equation.3���	�EMBED Equation.3���



(12)	�EMBED Equation.3���



The magnitudes of impact using the regression line with logarithmically transformed variables are not constant, when the explanatory variables change their values. Evaluating if the model exaggerates or understates the influence on the dependent variable, the averages of s and n are calculated inserting the outcomes in the terms expressed in (11) and (12).



�Minimum�Maximum�Mean�Standard

deviation��INVEST97�	7.16�	85.50�	24.0312�	10.1699��POPG97�	0.08�	  3.16�	  1.9551�	  0.7930��81 valid cases



Following magnitudes of impact results from the data analysis and are now comparable with the growth model.



(13)	�EMBED Equation.3��� 



(14)	�EMBED Equation.3���

Arguing that the Harrod – Domar model systematically overestimates both magnitudes of impact can be precarious because the values of the partial derivatives in terms (13) and (14) are influenced by the levels of both explanatory variables. So the question is not, which average value saving rate s has, despite the value of population growth rate n. The question is, which values both variables, which belong to the same country, have. This fact is the source of problem that occurs using the outcomes (13) and (14) as basis for evaluating the explanatory power of the model. So it cannot be excluded that a country has a high level of saving rate accompanied by a very low level of population growth rate. Illustrating this difficulty, following example is worth to be mentioned.

For example:



Country:		Poland

Saving rate:		22.24 (%)

Population growth:	  0.08 (%)



�EMBED Equation.3���

Achieving a straighter survey, the magnitudes of impact of both independent variables are calculated for each country, then the countries are subdivided into four groups:

-	�EMBED Equation.3���	the model overestimates the magnitude of impact	

-	�EMBED Equation.3���	”          ”    underestimates ”         ”          ”      ”

-	�EMBED Equation.3���	the model overestimates the magnitude of impact

-	�EMBED Equation.3���	”          ”    underestimates ”         ”          ”      ”



The first group contains 85.8 %  of the countries, hence the model overestimates the magnitude of the bad influence of population growth on growth rate of GDP per capita. All valid cases are within the third group indicating the smaller than expected impact of saving rate on the dependent variable.



Conclusion:



Offering an overall view of the estimated regression lines, this table shows the main outcomes.



�Model with

extreme values�Model with

excluded

extreme values�Model with

intercept dummies 

�Model with

intercept dummies

(Oil)�Model with

logarithmically transformed

variables��Constant�-5.977

(0.000)�0.490

(0.659)�1.364

(0.334)�0.492

(0.659)�-0.059

(0.926)��INVEST97�0.372

(0.000)�0.125

(0.000)�0.123

(0.001)�0.126

(0.000)�-��POPG97�-0.192

(0.558)�-0.831

(0.013)�-0.974

(0.028)�-0.838

(0.015)�-��Africa�-�-�-0.625

(0.568)�-�-��Europe�-�-�-1.785

(0.242)�-�-��Asia�-�-�-0.399

(0.704)�-�-��Oil exporting countries�-�-�-�0.191

(0.926)�-��LNIN97�-�-�-�-�0.394

(0.057)��LNPO97�-�-�-�-�-0.344

(0.003)��Normality�0.003�0.033�0.028�0.034�0.222��Adj. R squared�0.361�0.142�0.132�0.135�0.114��Number of observations�124�122�122�122�81��









After detailed empirical investigation, the Harrod - Domar model is confirmed as far as the signs of the impact are concerned, but the growth model overestimates the magnitudes of impact, which the explanatory variables have. Both saving rate and population growth rate have the ability to explain a share of the observed GDP per capita growth rates. Nevertheless a huge portion of the deviation of the dependent variable cannot be attributed to the influence of the independent variables. Indeed the adjusted �EMBED Equation.3���(=0.114) is very low.

Why does the model overestimates the magnitudes of impact?

Answering this question in great detail would be out of all proportion because of that only two possible reasons are introduced. On the one hand the exaggeration of the impact of the saving rate could be attributed to a violation of the assumption of constant capital - output ratio. On the other hand population growth does not have only a bad influence on the economic development because population density can be considered as a sources of technical progress, which leads to higher income per capita.























































Mathematical Appendix:



Deriving equation (6):

	

	from (4):



		�EMBED Equation.3���	�EMBED Equation.3���



	The derivative of K with respect to t, the continuous time variable with 			usage of �EMBED Equation.3���is:



		�EMBED Equation.3���	�EMBED Equation.3���



	The capital - output ratio �EMBED Equation.3���  is held constant, so �EMBED Equation.3���  is independent from t.



	After rearranging the movement equation of capital stock with regard to the 	assumptions (2), (4) and (5) we obtain following expression. 



		�EMBED Equation.3���	�EMBED Equation.3���



	To receive this term in per capita magnitudes we divide �EMBED Equation.3���by P, the number of 	population.



		�EMBED Equation.3���	�EMBED Equation.3���



	Also following definitional equation describing y, the GDP per capita, is convenient 	with regard to simplicity.



		�EMBED Equation.3���	�EMBED Equation.3���

	Derivative of y with respect to t is:



		�EMBED Equation.3���	�EMBED Equation.3���	using �EMBED Equation.3���

			�EMBED Equation.3���

	Rewriting term �EMBED Equation.3���:



		�EMBED Equation.3���	�EMBED Equation.3���

			�EMBED Equation.3���

			�EMBED Equation.3����EMBED Equation.3���



Comparison of the magnitudes of impact:



	From term (8) follows:

	

		�EMBED Equation.3���	�EMBED Equation.3���



	Derivative of �EMBED Equation.3��� with respect to n:



		�EMBED Equation.3���	�EMBED Equation.3���



	Derivative of �EMBED Equation.3��� with respect to s:





		�EMBED Equation.3���	�EMBED Equation.3���

		

	The magnitudes of impact are now comparable with partial derivatives in expression 	(9) and (10). 



	

Data sources and register of literature:



(	For capital – output ratio calculation:

	Nehru; Vikram; and Ashok Dhareshwan (1993):

”A New Database on Physical Capital Stock: Sources, Methodology and Results”





(	Gross national investment, saving rate and growth rate of GDP per capita:

	William Easterly and Hairong Yu (Worldbank):

	”Global Development Network Growth Database”





(	Literature

	Gillis; Perkins; Roemer; and Snodgrass (1996):

	”Economics of Development“

1) Mathematical Appendix: Deriving equation (6)

2) Mathematical Appendix: Comparison of the magnitudes of impact
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